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Large Models Have Taken The World By Storm
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SOTA Models are Getting Bigger and Bigger
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Modern Machine Learning is Overparameterized

Let f(Xi;yi)g"o; RY R be a training dataset and let F be a space of
real-valued functions f : RY ¥ R. Consider the learning problem

- X 2
mp o fea)+ RO >0

If F is an infinite-dimensional space, then this problem is
an “overparameterized” learning problem.

Example: Suppose 7 (0Qk2z is a basis for F. Then, each ¥ 2 F can be

represented as a model with an infinite parameters = f kQk2z such that
X
f = k’k:
k2z

The norm R(F) reflects the “size” of the parameters

The function-space view is a powerful tool to study the
infinite-parameter limit of overparameterization.

Nonparametric methods as opposed to parametric methods.
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Regularization is Necessary

Without regularization (either implicit from the optimization algorithm or
explicit in the optimization problem), the overparameterized learning
problem

- x 2
min _:l(ya F(xi))

is ill-posed since there are many interpolating (zero-loss solutions).
Which interpolating function (of the many possible) will be selected?
How does this choice affect performance/generalization?
Without regularization, it becomes challenging to answer these questions.

Plan: A tour through (nonparametric) methods in data science through
the unifying lens of explicit regularization in function space.

Goal: To provide sharp characterizations of the inductive bias of various
data-fitting methods.
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From Parametric to Nonparametric

Let denote the parameter space. The associated parametric model
space is

F =ff : 2 ¢

Let C: ® R j denote a parameter cost function. Given any f 2 F |

its parametric representation cost is defined by
R(f)=inffC( ): f=Ff; 2 ¢
For an arbitrary (measurable) function f : R ¥ R, we can define its

nonparametric representation cost as

R(f) = liminfg o ¢ R(F); 9(fk)kon F that converges? to T

+1; else:

The native space is given by

F =ff :RY ¥ R measurable : R(f) < +1g.

“In an appropriate topology.
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Function-Space Inductive Bias

Suppose that we have a parametric method.

A parameter space
A parametric model space F .

=) A subset of measurable functions RY ¥ R.
A parametriccost C: ¥ R g.

=) kbk; ké'kz , C(8) C(8").

A parametric method induces a native space F and a corresponding
nonparametric representation cost R: F ¥ R .

- X H X
min Lyi;f (xi))+ C() . min L(yi; F(xi)) + R(F)

i=1 i=1

This is characterizes function-space inductive bias of F .
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How Do Different Methods Look in Function Space?

Can we characterize the nonparametric representation cost R?
What are the properties of the native space F?

=) Isit a vector space?

=) Is it a metric space?

=) Is it a Banach space?

=) s it a Hilbert space?

=) Does it have some other (topological) structure?
=) How is F related to classical function spaces?

How well does the parametric model space F approximate F?

How well can we learn functions in F from data?

This is the function-space view of studying data-fitting methods.

The function-space view unifies classical and modern data-fitting methods.
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Three Remarkable Ideas in Data Science

® Kernel Methods
=) “Z-regularization of parameters
=) Reproducing Kernel Hilbert Spaces
=) Linear methods = not adaptive
® Wavelet and Sparse Methods
=) “lregularization of parameters
=) Besov Spaces and Bounded Variation (BV) Spaces
=Y Nonlinear methods = adaptive
©® Neural Networks

=) “2-regularization of parameters

=) Barron Spaces, Variation Spaces, and Radon BV Spaces
=Y Nonlinear methods = adaptive

=) Shallow vs. deep

Classical methods were studied function space first.

Can we understand modern methods by characterizing their function spaces?
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Kernel Methods

min

a2Rn

i=1

n2N

aik(;xi): ai 2R -

F: RKHS induced by k

=L xi 2RY~ R(f) = kfkZ

C(a)=a'Ka

L(yi;[Ka];))+ a'Ka

squared RKHS norm

- X 2
- [ . L(yi; F(xi)) + kFkZ

The equivalence , is understood via
the representer theorem.

There always exists a solution to the
problem over F that lies in the span of
shifted kernels.

10/114



Wavelet and Sparse Methods

8
<

f

min

i=1

)
> k= - F: Besov space B{,;
ik FCTK 5 522 gix K)s
' R(f) = kfkg: |
C()=k ka Besov norm

L@yi: F (Xi))+ Kk ka

X
min L(yi; F(xi))+ kfkg:
f2B! L2

L1 =1

The equivalence , is understood via
the wavelet shrinkage algorithm.

There always exists a solution to the
problem over B1.; that is a sparse
combination of wavelets.
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Shallow Neural Networks

C
x F: Variation S
B . . pace
f(x)= - Vi (WiX) : Wy 2 R (Barron Space,
= Radon-BV Space)

vk 2R

Vi + kwick3 R(f) = kfke
k=1 variation norm

X b ¢ X
min  L(y;; T (Xi))+§ jviiZ+kwiks QWZI'Q L(yi; F(Xi))+ kfke
i=1 k=1 i=1

The equivalence , is understood via
Banach-space representer theorems.
There always exists a solution to the

problem over F that is a sparse
combination of neurons.
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Deep Neural Networks

ff(xX)= (Wr (WL 1 ( Wix)))g
F: exists

X _
C()= % KW-k2 R(f): exists
i

X X X
min - L@y T X))+ kW-kg . min Ly Fea)+ R(F)
=1 i=1

i=1

The equivalence , is by construction.

We currently do not know how to
characterize F or R(F).
=) For L >2,isiteven a linear space?
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A Note on Universal Approximation

A common heuristic to explain the success of deep learning is that neural
networks are universal approximators. This heuristic is meaningless
since any reasonable parametric model space is a universal approximator.

polynomials

kernel machines

Fourier series

wavelets

shallow and deep neural networks

Theorem (Stone{Weierstra )

Let RY be compact and A C( ) be a subalgebra (vector subspace
closed under multiplication) that contains a nonzero constant function.
Then, A is dense in C( ) if and only if it separates points (for every

x; X' 2 such that X & X', there exists p 2 A such that p(x) & p(x?)).

Pop Quiz: Does the closing procedure mean F = C( )?

When R(F) < 4, it is (typically) the case that F ( C( ).
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Outline

@ Hilbert Spaces , Linear/Kernel Methods

@ Banach Spaces , Nonlinear/Sparse Methods

® Banach Spaces , Shallow Neural Networks

@ Beyond(?) Banach Spaces , Deep Neural Networks
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Outline

@ Hilbert Spaces , Linear/Kernel Methods
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Hilbert Spaces: Basic De nition

Assume F is a vector space of functions de ned on a domain R,
Will focus on functions with real outputs (scalar- or vector-valued).
We say h; £ : F F!R s an inner product on F if it is:
bilinear: hf+ g;hi ¢ = hf;hi ¢ + hg;hi ¢ and
hf; g+ hi g = hf;gi g+ hf;hi ¢
symmetric: hf; gk = hg;fi ¢
positive de nite: hf;fig 0 and hf;fi ¢ =0i f=0.

Any inner product h; ¢ on F de nes a norm on F by:

p
kikeg = hf;fi g

A Hilbert space is a vector space F equipped with an inner product
h; ie that is complete with respect to the norm k
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Example: Finite Collection of Basis Functions

Suppose F is the span of K linearly independent basis functions
itk

X
f = K'k; k 2R;k=1;u5K
k=1
equipped with the inner product and norm

hf ;f ip= T ki k& =kk 2
Then F is a nite-dimensional Hilbert space, and we have the equivalence
H X 2 2 H 2
DRIV LE I N R L
where V 2 R'K issuchthat [Vk =" k(X;).

Learning over F is a simple nite dimensionat-regularized problem!

18/114



Limitations to Finite-Dimensional Hilbert Spaces

Finite-dimensional Hilbert spaces have limited approximation capability.

Could improve by adding basis functions (but how many? what type?)

Can we solve this issue with an in nite-dimensional Hilbert space?
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L 2-space

One of the most fundamental in nite-dimensional Hilbert spaces is
z

L2():=  f: IR: )] 2dx<+1
hf;giL2y = f(X)g(X)dx ) kfk 2y = ff()j 2dx
However, [?() is \too big" of a space to be useful for learning.

Example: learning with L2-norm regularization

X
i _ 32 2
fz[ngl’(l) i=1 (Foc) y )7+ Ktk ey

Pop Quiz: What functions
minimize this loss?

Obtain zero loss by putting
\spikes" at the datapoints:
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Reproducing Kernel Hilbert Spaces

For learning to be possible in a in nite-dimensional Hilbert space, we need
some additional regularity assumptions.

Continuity seems to be a necessary requirement.

But it is not su cient { we also need to ensure that any sequence of
functions approaching a \spike" cannot vanish in norm.

The largest class of Hilbert Spaces having precisely this property are
known as Reproducing Kernel Hilbert Spaces

De nition

A Hilbert space of functions F is called a Reproducing Kernel Hilbert
Space (RKHS) if for all x 2 there exists a constant C such that

ifx)j C xkfkg forallf2F:

Interpretation: if f is non-zero at any point, its norm is also non-zero.

Aronszajn 1950 21/114



Kernel Functions

In the language of functional analysis, an RKHS F is a Hilbert space
where the evaluation functionals f 7! f(x) are continuous.
By a result known as the Riesz Representation Theorem, this implies for
all x 2 there exists a function K, 2 F such that
hKy;fi g =f(x) forallf2F:
De ne the associated kernel k : I'R by
k(x;x 9 = hK x; Kxoi = K x (X9 = K xo(X):
Two important properties: kernels are
® symmetric: k(x;x 9 =k(x %x), for all x;x °2 and
® positive semide nite: for any nite set of points fx 1;::;;xng
the kernel matrix K 2 R""  with Kj; =Kk(x i;X;) is a PSD matrix.
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Example: Bandlimited Functions

Let B L 2(R) be the space of functions f : R ! R whose Fourier
transformi*{) vanishes for all frequencies j j > B.

Pop Quiz: Why aren't \spike" functions allowed in this space?
De ne the sinc function s(x) := F * (1;g.g; )(X) = sin(Bx)= x
Key property: s f=fforallf 2B, since § f=b = fo

Put another way, we have
Z

f(x) = (s f)(x) = Rf(x 9s(x? x)dx °=hf;s( X)i

Therefore, B is an RKHS with kernel function k(x%=s(x x 9.
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Example: the Sobolev space H%()

Let H*() denote the space of functions f : ! R whose partial
derivatives up toZordes belong toL?(), equipped with the inner product

X X
hf;gips() = D f)D g(X)dx ) kik 2., = kD fkZs,
iis iis
Fact: H3() isan RKHS i s>d=2

Smoothness s > d=2 is necessary, since otherwise arbitrarily thin \spike"
functions would have vanishing norm:

f.(x):=f(x=") ) k@ Sf-k > =" 925 k@fk -
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Building RKHSs from Kernels

Every RKHS induces a kernel k( ; ) that is symmetric and positive
semide nite.

On the ipside, given any functiork : I'R that is symmetric and
positive semide nite, we can construct a RKHS having as its kernel.

@ Take the span of all kernel translates k( ; x):
8

9

> 0 n2N =

spanfk(;x):x2 g= _fa= ak(;xi): a2R S
' =1 XiZRd’

® Equip this space with the inner product:

X0 x oo . . xow
f= ak(;xi); 9= ak(;xj) 9 hf;gi= aiak(Xi;xj)
=1 =1 =1 j=1

® Take the closure of the space (in the induced norm) to get the RKHS.

Theorem (Moore-Aronszajn)

Every SPD function k(; ) de nes a unique RKHS with k as its kernel.
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Examples: Common Kernels

Linear Kernel k(x;y) =x Ty;
Polynomial Kernel  k(x;y) = (x Ty +1) %, for some k 2N

Gaussian Kernel k(x;y) = exp 2izkx yk %, forsome >0

Another common way to create kernels is with a feature map: 'H
where H is a Hilbert space (typically R):

kOGy) =P Wi

Example: ':R!R 3 given by '(x) = [1; pix;xz]T gives the
polynomial kernel k(x;y) = 1+ 2xy +x 2y? = (xy + 1) ?

26/114



Example: Tangent Kernels

Given a parametric moddl (x) = f ( ;x), linearizing about = ¢ gives
fGx) O o)+r fC 0)T( o)
For any xed de ne the tangent kernel k
k (x;x9:=r f;x) Tr f(;x 9; forall x;x°2
which is the kernel arising from the feature map (x) =r f(;x).

Jacot et al. 2018 showed that whein is
a randomly initialized neural network
architecture, in the limit of the
hidden-layer widths approaching in nity,
k (x;x 9 converges to an explicit kernel
that stays constant during training{the
neural tangent kernel.

In nitely-wide neural network architectures de ne kernels

Does this RKHS perspective explain the astounding
success of neural networks?
27/114



RKHS Representer Theorem

Let F be an RKHS with kernel k : IR. Fix >0. Then
X X
f 2argmin L(F(x i);yi)+ kfk 2 )f ()= aik(x;x ):
foF o i=1
for some a2 R.
Proof sketch for square-loss:

X 2 2 X ; 2 ;
frQFln . (fx i) y i)+ kfk ¢ —rfgan . (hKy ;fig y i)+ hi;fi ¢
Set the \derivative" @=@f of the loss to zero:

X
2(hKXi;f iF yi)KXi-"zf :O:)f = aiKXi:
i=1 i=1

Wahba 1990; Schelkopf and Smola 2002 28/114



The \Kernel Trick"

P
Restricting to only functions of the form f = 1, ajk(;x;) we have
X X
min  L(yi;f(x 1))+ kfk &, min L(yi;[Ka] i)+ a "Ka
f2F aR"

where K 2 R"" s the kernel matrix K =Kk(x i;x;). This is now a
nite dimensional optimization problem we can solve easily.

P
Example: Gaussian RBF kernel f(x) = 1, a exp( 5 (x x {)?)
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Example: Smoothing Splines

van de Geer 2000 30/114



Limitations of Linear/Kernel Methods
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Limitations of Linear/Kernel Methods

wavelet shrinkage

neural network

32/114



Limitations of Linear/Kernel Methods
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Summary

Kernel methods are well-understood from the function-space view.

5 Essentially by construction.
=) There is a one-to-one correspondance between a kernel k( ; ) and

their associated RKHS k.
We know when kernel methods work and how well they work.
5 Kernel methods are \optimal" for learning functions in their
associated RKHS.
We know that there are situations where they do not work.
9 There are fundamental drawbacks to linear methods.
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Outline

@ Banach Spaces , Nonlinear/Sparse Methods
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Banach Spaces - Basic De nition

Assume F is a vector space of functions de ned on a domain R9Y.

We will focus on functions with real outputs (scalar- or vector-valued).
We saythatklk :F!R o isanorm ifitis:

subadditive: kf +gke kfk ¢ +kgkg
homogeneous: kfk= =jjkfk £
positive de nite: kfkg =0 if and only if f O

Remark: Every inner product h ; i induces a valid norm: kfk= hf; fi.

A Banach space is a vector space F equipped with a norm k khat is
complete with respect to the norm kgk.
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Reproducing Kernel Banach Spaces

A Banach space of functions F is called a Reproducing Kernel Banach
Space (RKBS) if its norm k kg is strictly convex, if its dual nornk kg o
is strictly convex, and for all x 2 there exists a constant € such that

ifx)j C xkfkg forallf2F:

Strict convexity of the norm and dual norm ensures the existence of a
unique reproducing kernel k : I' R with k(x; )2 F and
kK(;X)2F %and

hk( ;x);fi=f(x); forallf2F:
hf%k(x; )i=f 9x); forallf °2F%
The RKBS shares many similarities to the RKHS framework, but

re exivity is too strong of a condition to capture important spaces
related to sparsity.

Zhang et al. 2009; Lin et al. 2022; Bartolucci et al. 2023 a7/114



Sparsity = Feature Learning?

In Hilbert-space methods, the learned models are linear in parameters.

Linear methods cannot adapt to spatially varying smoothness.

Linear methods do not learn features.

Early approaches to circumvent this issue were based on sparsity:

lasso (Tibshirani 1996)
sparse approximation (DeVore 1998)
wavelet shrinkage/thresholding (Donoho and Johnstone 1998)
compressed sensing (Cancks et al. 2006; Donoho 2006)

Sparse methods are nonlinear in parameters.

Is sparsity key to understand feature learning?
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Sparsity and the Quest for Adaptivity

Latent Variable Perspective: The target function depends only on an
r-dimensional projection (r d) of the input.

Manifold Hypothesis: d-dimensional data sets that occur in the real
world actually lie along r-dimensional latent manifolds (r d).

Structured Smoothness: The target function has some unknown
structured smoothness.

Can we design methods that adapt to the unknown structure?

Sparsity ) adaptation

Adaptation = feature learning?
Bach 2017 39/114



Sparse Models: Finite-Dimensional Case

Returning to our simplest parametric model, whefeis the linear span of

a dictionary of nitely many functions ' 1;:::;"
% F =F=spanf g,
f = k' K C( ) =kk 1 .
k=1 R(f) = |p:ff kki

The learning problem is
X0
min Liyi;[V 1)+ kk 1;
2R X i=1
where the ith row of V 2 R'K s
V=T o) axi)ic " ke (xi)l

Data- tting over F is equivalent to a nite-dimensional convex
optimization problem.

There always exists a solution with at most K dictionary functions.
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Sparse Models: In nite-Dimensional Case

What if we had an in nitely large dictionary? f'x gkoz

X F F = ’§p‘anf' k Ok2z

f = k' K, C():kk 1

k2z R(f) = |¥1_ff kki

The learning problem is
X
g ~ L(yi;Vfg)+ kk 1

where V:1(2)!R M.

Data- tting over F is equivalent to a in nite-dimensional convex
optimization problem.

Solutions have in nitely many dictionary functionsRre we screwed?

Luckily, we are not.
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Intuition: Soft Thresholding

Consider the \denoising" problem

X
min ky k %+ kk 1= min 240 Wi
min, Ky 2 ™ (V7S R Y

Pop Quiz: What is the solution to this problem?
This problem can be \decoupled".
mzirF} (Yk )2+ «j ) soft thresholding of y i
k
) B=sgn(yx) maxfo;jyj =29

Since 2 1(2), the sorted coe cients j wl 1 @i must decay
strictly faster than 1=k.

For every >0, only a nite number of coe cients will be nonzero.

Soft thresholding is nonlinear in parameters.

Donoho and Johnstone 1995 421114



Representer Theorems for **-Norm Regularization

The sparsity of solutions is related to the convex
geometry of the optimization problem.

X
i L(yi;Vfg)+ kk -1 i kk-1
My (yi;Vig) . min
X
sit: L(y;;Vfg) B

i=1
, min kk-usitvfg2C R "
2" 12

There exists a solutioPthat is n-sparse.

Tightly linked to Carathteodory's theorem for convex hulls.
This is an example of a Banach-space representer theorem.
39 ° 2 is a non-Hilbertian Banach space.

Chandrasekaran et al. 2012 43/114



Geometry of *1-Norm Regularization

The extreme points of the “*-ball are 1-sparse vectors.

1-sparse vectors arg Kronecker deltas:
1; ifn=Kk

&= «nl = 0; else:

Pop Quiz: What are the extreme points of the?-ball?

441114



Convex Optimization in In nite Dimensions?

X
b L(yi:Vfg )+ kk - Convex problem, but

2 in nite-dimensional.

BUT, we know there exists a solutioMthat is n-sparse:
X0
fo= i’ o
j=1
Pop Quiz: Can we just optimize over n-sparse sequences?

Yes, but the problem becomes nonconvex.
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Wavelet Shrinkage

X - ,
f (x)= ik 272 @27x K C()=kk -
jik
X
min Lyi;f (xi)+ kk -1
i=1

We can e ciently solve this
optimization problem by thresholding
the empirical wavelet coe cients.

The resulting solution is able to adapt
to intrinsic structure in the
data-generating function.

Donoho and Johnstone 1994
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Spatially Inhomogeneous Functions

Spatially inhomogeneous functions have di erent kinds of local regularity.

Designing locally adaptive estimators was of great interest in the 1990s.

Real-world signals (low-dimensional objects) are spatially
inhomogeneous.

Linear methods cannot adapt to spatial inhomogeneities while
sparse/nonlinear methods can.

9 Mathematical foundations for the success and popularity of wavelets.

What kinds of function spaces capture spatial inhomogeneities?

Donoho et al. 1990 477114



Besov Spaces and Bounded Variation (BV) Spaces

Spatially inhomogeneous functions are well-captured by
Besov and Bounded Variation (BV) spaces

The Besov space B, is the space of functions with s derivatives in
LP, where q allows for ner control of the regularity:
Bg:q B S:q° . a<q’

5 Whenp<2,B ;

pq contains functions that are spatially
inhomogeneous.

The (total) variation of a function is

L 4
TV()=sup  jf(x i) flx ) if 0idx
i=0

where thesup is over all partitions.BV is the space of functions with
bounded (total) variation TV(f) < 1.
3 f2BV K, f &Y 2By, TV KH)=Tv(F &V ),

BV is morally a Besov space since we have the sandwich

BX, BV ¥ B & :
DeVore 1998
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Native Space of Wavelet Soft Thresholding

8 9
<f _X o w0 - F: Besov space B,
: G T2 @2ix K
’ R() =Kk g
c)=kk - Besov horm
X X
min Ly f xi))+kk 2, rpin L@yi;f(x i)+ kfk g1
; 2B 1, . ]
i=1 11 =1

*L.limits of wavelet coe cients

converge to B, functions

5 Other choices of sequence space
norms give rise to all other Besov
spaces B .

There always exists a solution to the

problem overB1, that is a sparse and

nite combination of wavelets.

9 Soft-thresholding is the algorithm of

Meyer 1992 choice. 49/114



Integral Representations of Functions

For smooth functions on [L], by the fundamental theorem of calculus, we
have that

zZ, z
f(x) = f(0)+ fq)dt ) f(x)=f(0)+ ' ReLU%(x t)f 1) dt:
0 0

If we iterate this process...
L O 2,
f(x) = fO©Ox + ReLU*' (x tf ®(t)dt
=0 0

Pop Quiz: When is this quantity well-de ned?
kf Ok 1 < 1.
Suppose k = 1 and f(x) = ReLU°(x 0:5).
3 f 9x) = .
) () 705
9 f(x) = ReLU’(x t)d os.
0

Identify f® with a measure )kk y <1.
Fisher and Jerome 1975
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BV Spaces and Continuously-Indexed Dictionaries

For smooth functions, we have that
X Z1
TV(f) = sup fx i) f(x Di= jf Qojdx:
i=0 0
For nonsmooth functions,
TVE) =kf % ) TV Kf)=kD “fky :

Iff 2BV ¥ and =D “f, then,
e 2
f(x) = gx +  ReLU*! (x t)d (1)
j=1 0

Peano kernel formula
In nite-width neural network?

f 2BV ¥ ) f can be build from the continuously-indexed
dictionary fReLU ** ( 1)g 0. -
Fisher and Jerome 1975 51/114



Minimax Optimality of Nonlinear Methods

Pop Quiz: What is the regularity of this function?

This is a BV? function.
The minimax rate for BV 2 is

inf  sup Ekf Z, o

f2BV 2
TV 2(f)C

4=5

smoothing spline|| wavelet shrinkage

n 3=4 n 45

n34 is the linear minimax rate
Donoho and Johnstone 1998; Mammen and Geer 1997 52/114



Sparsity in the Continuum

Discrete sparse model: Continuous sparse model:
X z
k'k,C():kk 1 '
k2z

d(). C()=kk wm
The continuous model is \backwards compatible" with the discrete model.

X X
k « =  Jki=kk
k2z M k2z

Pop Quiz: Why don't we use the LX-norm for continuous sparsity?

The extreme point of the unit ball of*(Z) are the Kronecker
deltas: fexQkoz -

The extreme points of the unit ball of M() are the Dirac
deltas/measures: f g

The extreme points of the unit ball of ()...do not exist.

53/114



Variation Spaces

Given a continuously-indexed dictionary D =f'g, , the variation
space of D is the space

z
V=VvD)= f = ' d(): 2M()

This forms a Banach space when equipped with the norm/representation
cost
R(f)=kfk v = inf kky
2M()
f=f

Example: BV (modulo polynomials) is a variation space with respect to
the fReLU*! ( 1)g oq; dictionary.

The variation norm is the continuous counterpart of the atomic norm.

Barron 1993; Kirkowa and Sanguineti 2001; Mhaskar 2004; Bach 2017 s4/114



Variation Spaces as a Closure

X =#)

f = ' _
k=1 C()=k#k -1

F = spanf' g,

If the dictionary D =f g, is su ciently regular, then
V(D) =F

Observation: Variation spaces are'-limits of combinations from
continuous dictionaries.

Donoho 2000; Siegel and Xu 2023 55/114



Meyer's Bump Algebra

Let Ky denote the Gaussian kernel centeredxat Consider the dictionary
G=fK ygeo ,where R 9

The variation space V(G) is called Meyer's Bump Algebra.
V(G)=B1()

On the other hand, the RKHS F generated by G is fundamentally
di erent.

F H S()foranys O

F is an extremely small space.
V(G) is reasonably large.
5 F(V(G)

Pop Quiz: Why did we get di erent spaces from
the same parametric model space P

This is alluding to a gap between Hilbert- and Banach-space methods.

Meyer 1992 56/114



Representer Theorems for M-Norm Regularization

Fix a dictionary D =f g, of continuously-parameterized functions.
For any data set f(x;;yi)oiL, and lower semicontinuous, bounded from
below, and proper loss function L( ; ), there exists a solution bto

X
an ~ Lyi;f i)+ kk m; >0;

that leads to a representation of the form

X
fp(x) = vi' (); K on:
k=1

There always exists a solution that iska-sparse sum
of dictionary functions.

Fisher and Jerome 1975
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Convex or Nonconvex?

xo
i Ly iif i)+ kK wu Qon_vex_proble_m, but
MO in nite-dimensional.

BUT, we know there exists a solution bthat is K-sparse:

fp(x) = vi' (%)
k=1

Pop Quiz: Can we just optimize over K-sparse sums?
Yes, but the problem becomes nonconvex.
!
X X
min L oyi;  w' (X)) +kvk
1500 E i=1 k=1

58/114



Geometry of Convex Regularization

The \atoms" of the solution are the extreme
points of the regularization ball.

Chandrasekaran et al. 2012 59/114



Abstract Representer Theorems

Consider the learning problem over the function space F
X
Inf 3 L(yi; f(x 1)) + R(f):

Under appropriate hypotheses on F and R, there always exists a sparse
solution of the form "

= we; K n;
k=1

where @ 2 Ext(ff 2 F : R(f) 1g).

In nite-dimensional optimization problems with nite
data constraints always admit sparse solutions.

Boyer et al. 2019; Bredies and Carioni 2020; Unser 2021 60/114



Summary

Sparsity allows for methods to adapt to structure.

=) Linear methods (including kernel methods) cannot.
9 Quanti cation via minimax and linear minimax rates.

In nite-dimensional sparse models correspond to convex problems.

5 These problems can be recast as nite-dimenensional non-convex
problems.

5 This will play a key role in understanding neural networks from the
function-space view.

The in nite-dimensional perspective reveals interesting aspects about

the geometry of convex regularization.

5 Abstract representer theorems and extreme points.
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Outline

©® Banach Spaces , Shallow Neural Networks
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What is the Inductive Bias Shallow Neural Networks?
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Spectral Barron Spaces

LetBS L 1(RY) be the space of functions for which
z
kfkgs == i1 +klk) Sdl<+1
Rd

Then B S is a Banach space and is now referred to tth order spectral
Barron space.

Barron 1993 proved that functions in B can be approximated by

shallow sigmoid neural networks at a rate that does not grow with

input dimension!

9 Klusowski and Barron 2018 extended this result and proved that
functions in B2 can be approximated by shallow ReLU neural
networks at a rate that does not grow with input dimension.

Spectral Barron spaces are variation spaces for the dictionary

f(L+kik) S €& Xgug d

Barron 1993; Klusowski and Barron 2018; Siegel and Xu 2020 64/114



Maurey{Barron{Jones Lemma

Theorem

Fix a dictionaryD = f g, of bounded functions and le¥ = V(D) be
the associated variation space. Given f 2 V, there exists

X
fK = VkI X
k=1

such that
ki f kkezy . kfkyK 2

Variation spaces admit dimension-free approximation rates.

65/114



Limitations to Spectral Barron Spaces

Spectral Barron spaces o er an incomplete description.

9 B 2 provides a su cient condition for approximation by shallow ReLU
networks with dimension-free rates.
5 This kind of regularity is not necessary.

Example: A single ReLU neuron does not lie in B

Question: What is the largest space of functions approximable
by a shallow network (with a given activation function) at a
particular error rate?

This is a fundamental problem in approximation theory.

Currently, there is not a complete characterization of the

approximation spaces of shallow neural networks, but su cient

conditions are known. (DeVore et al. 2025)

=) In 1D, these spaces are known and coincide with Besov spaces.
(Petrushev 1988)
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Neural Balance and Weight Decay
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