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Large Models Have Taken The World By Storm
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SOTA Models are Getting Bigger and Bigger

3 / 126Saracco “How much bigger can/should LLMs become?” IEEE Future Directions Blog



Modern Machine Learning is Overparameterized

Let {(xi, yi)}ni=1 ⊂ Rd × R be a training dataset and let F be a space of
real-valued functions f : Rd → R. Consider the learning problem

min
f∈F

n∑

i=1

(yi − f(xi))
2 + λR(f), λ > 0.

If F is an infinite-dimensional space, then this problem is
an “overparameterized” learning problem.

Example: Suppose {φk}k∈Z is a basis for F . Then, each f ∈ F can be
represented as a model with an infinite parameters θ = {θk}k∈Z such that

fθ =
∑

k∈Z
θkφk.

The norm R(f) reflects the “size” of the parameters θ.

The function-space view is a powerful tool to study the
infinite-parameter limit of overparameterization.

Nonparametric methods as opposed to parametric methods.
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Regularization is Necessary

Without regularization (either implicit from the optimization algorithm or
explicit in the optimization problem), the overparameterized learning
problem

min
f∈F

n∑

i=1

(yi − f(xi))
2

is ill-posed since there are many interpolating (zero-loss solutions).

Which interpolating function (of the many possible) will be selected?

How does this choice affect performance/generalization?

Without regularization, it becomes challenging to answer these questions.

Today: A tour through (nonparametric) methods in data science through
the unifying lens of explicit regularization in function space.

Goal: To provide sharp characterizations of the inductive bias of various
data-fitting methods.
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From Parametric to Nonparametric

Let Θ denote the parameter space. The associated parametric model
space is

FΘ = {fθ : θ ∈ Θ}

Let C : Θ → R≥0 denote a parameter cost function. Given any f ∈ FΘ,
its parametric representation cost is defined by

R̊(f) = inf{C(θ) : f = fθ,θ ∈ Θ}

For an arbitrary (measurable) function f : Rd → R, we can define its
nonparametric representation cost as

R(f) =

{
lim inffk→f R̊(f), ∃(fk)k∈N ⊂ FΘ that converges1 to f

+∞, else.

The native space is given by

F = {f : Rd → R measurable : R(f) < +∞}.
1In an appropriate topology.
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Function-Space Inductive Bias

Suppose that we have a parametric method.

• A parameter space Θ.

• A parametric model space FΘ.

=⇒ A subset of measurable functions Rd → R.
• A parametric cost C : Θ → R≥0.

=⇒ C(0) = 0.
=⇒ ∥θ∥2 ≤ ∥θ′∥2 ⇔ C(θ) ≤ C(θ′).

A parametric method induces a native space F and a corresponding
nonparametric representation cost R : F → R≥0.

min
θ∈Θ

n∑

i=1

L(yi, fθ(xi)) + λC(θ) ⇔ min
f∈F

n∑

i=1

L(yi, f(xi)) + λR(f)

This is characterizes function-space inductive bias of FΘ.
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How Do Different Methods Look in Function Space?

• Can we characterize the nonparametric representation cost R?

• What are the properties of the native space F?

=⇒ Is it a vector space?
=⇒ Is it a metric space?
=⇒ Is it a Banach space?
=⇒ Is it a Hilbert space?
=⇒ Does it have some other (topological) structure?
=⇒ How is F related to classical function spaces?

• How well does the parametric model space FΘ approximate F?

• How well can we learn functions in F from data?

This is the function-space view of studying data-fitting methods.

The function-space view unifies classical and modern data-fitting methods.
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Three Remarkable Ideas in Data Science

1 Kernel Methods

=⇒ ℓ2-regularization of parameters
=⇒ Reproducing Kernel Hilbert Spaces
=⇒ Linear methods = not adaptive

2 Wavelet and Sparse Methods

=⇒ ℓ1-regularization of parameters
=⇒ Besov Spaces and Bounded Variation (BV) Spaces
=⇒ Nonlinear methods = adaptive

3 Neural Networks

=⇒ ℓ2-regularization of parameters
=⇒ Barron Spaces, Variation Spaces, and Radon BV Spaces
=⇒ Nonlinear methods = adaptive
=⇒ Shallow vs. deep

Classical methods were studied function space first.

Can we understand modern methods by characterizing their function spaces?
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Kernel Methods




fa =

n∑

i=1

aik(·,xi) :

n ∈ N
ai ∈ R
xi ∈ Rd





C(a) = aTKa

F : RKHS induced by k

R(f) = ∥f∥2F
squared RKHS norm

min
a∈Rn

n∑

i=1

L(yi, [Ka]i) + λaTKa ⇔ min
f∈F

n∑

i=1

L(yi, f(xi)) + λ∥f∥2F

• The equivalence ⇔ is understood via
the representer theorem.

• There always exists a solution to the
problem over F that lies in the span of
shifted kernels.
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Wavelet and Sparse Methods



fθ =

∑

j,k

θj,kψj,k :
ψj,k(x) =

2−j/2ψ(2jx− k)





C(θ) = ∥θ∥ℓ1

F : Besov space B1
1,1

R(f) = ∥f∥B1
1,1

Besov norm

min
θ

n∑

i=1

L(yi, fθ(xi))+λ∥θ∥ℓ1 ⇔ min
f∈B1

1,1

n∑

i=1

L(yi, f(xi))+λ∥f∥B1
1,1

• The equivalence ⇔ is understood via
the wavelet shrinkage algorithm.

• There always exists a solution to the
problem over B1

1,1 that is a sparse
combination of wavelets.
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Shallow Neural Networks

{
fθ(x) =

K∑

k=1

vk σ(w
T
kx) :

vk ∈ R
wk ∈ Rd

}

C(θ) =
1

2

K∑

k=1

|vk|2 + ∥wk∥22

F : Variation Space
(Barron Space,

Radon-BV Space)

R(f) = ∥f∥F
variation norm

min
θ

n∑

i=1

L(yi, fθ(xi))+
λ

2

K∑

k=1

|vk|2+∥wk∥22 ⇔ min
f∈F

n∑

i=1

L(yi, f(xi))+λ∥f∥F

• The equivalence ⇔ is understood via
Banach-space representer theorems.

• There always exists a solution to the
problem over F that is a sparse
combination of neurons.
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Deep Neural Networks

{fθ(x) = σ(WLσ(WL−1σ(· · ·W1x)))}

C(θ) =
1

L

L∑

ℓ=1

∥Wℓ∥2F

F : exists

R(f): exists

min
θ

n∑

i=1

L(yi, fθ(xi))+
λ

L

L∑

ℓ=1

∥Wℓ∥2F ⇔ min
f∈F

n∑

i=1

L(yi, f(xi))+λR(f)

• The equivalence ⇔ is by construction.

• We currently do not know how to
characterize F or R(f).

=⇒ For L > 2, is it even a linear space?
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A Note on Universal Approximation

A common heuristic to explain the success of deep learning is that neural
networks are universal approximators. This heuristic is meaningless
since any reasonable parametric model space is a universal approximator.
• polynomials
• kernel machines
• Fourier series
• wavelets
• shallow and deep neural networks

Theorem (Stone–Weierstraß)

Let Ω ⊂ Rd be compact and A ⊂ C(Ω) be a subalgebra (vector subspace
closed under multiplication). Then, A is dense in C(Ω) if and only if it
separates points (for every x,x′ ∈ Ω such that x ̸= x′, there exists p ∈ A
such that p(x) ̸= p(x′)).

Pop Quiz: Does the closing procedure mean F = C(Ω)?

When R(f) <∞, it is (typically) the case that F ⊊ C(Ω).
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Outline

1 Hilbert Spaces ⇔ Linear/Kernel Methods

2 Banach Spaces ⇔ Nonlinear/Sparse Methods

3 Banach Spaces ⇔ Shallow Neural Networks

4 Beyond(?) Banach Spaces ⇔ Deep Neural Networks
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Outline

1 Hilbert Spaces ⇔ Linear/Kernel Methods

2 Banach Spaces ⇔ Nonlinear/Sparse Methods

3 Banach Spaces ⇔ Shallow Neural Networks

4 Beyond(?) Banach Spaces ⇔ Deep Neural Networks
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Hilbert Spaces: Basic Definition

Assume F is a vector space of functions defined on a domain Ω ⊂ Rd.

Will focus on functions with real outputs (scalar- or vector-valued).

We say ⟨·, ·⟩F : F × F → R is an inner product on F if it is:

• bilinear: ⟨αf + βg, h⟩F = α⟨f, h⟩F + β⟨g, h⟩F and
⟨f, αg + βh⟩F = α⟨f, g⟩F + β⟨f, h⟩F

• symmetric: ⟨f, g⟩F = ⟨g, f⟩F
• positive definite: ⟨f, f⟩F ≥ 0 and ⟨f, f⟩F = 0 iff f = 0.

Any inner product ⟨·, ·⟩F on F defines a norm on F by:

∥f∥F :=
√

⟨f, f⟩F

Definition

A Hilbert space is a vector space F equipped with an inner product
⟨·, ·⟩F that is complete with respect to the norm ∥ · ∥F
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Example: Finite Collection of Basis Functions

Suppose F is the span of K linearly independent basis functions
φ1, ..., φK :

fθ =

K∑

k=1

θkφk, θk ∈ R, k = 1, ...,K

equipped with the inner product and norm

⟨fθ, fβ⟩F = θTβ =⇒ ∥fθ∥2F = ∥θ∥22.

Then F is a finite-dimensional Hilbert space, and we have the equivalence

min
f∈F

n∑

i=1

(f(xi)− yi)
2 + λ∥f∥2F ⇔ min

θ∈RK
L(yi, [V θ]i) + λ∥θ∥22

where V ∈ Rn×K is such that [V ]ik = φk(xi).

Learning over F is a simple finite dimensional ℓ2-regularized problem!
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Limitations to Finite-Dimensional Hilbert Spaces

Finite-dimensional Hilbert spaces have limited approximation capability.

basis functions

fit from 10 samples

fit from 50 samples

no improvement

target function

Could improve by adding basis functions (but how many? what type?)

Can we solve this issue with an infinite-dimensional Hilbert space?
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L2-space

One of the most fundamental infinite-dimensional Hilbert spaces is

L2(Ω) :=

{
f : Ω → R :

∫

Ω

|f(x)|2dx < +∞
}
,

⟨f, g⟩L2(Ω) =

∫

Ω

f(x)g(x)dx ⇒ ∥f∥L2(Ω) =

√∫

Ω

|f(x)|2dx

However, L2(Ω) is “too big” of a space to be useful for learning.

Example: learning with L2-norm regularization

min
f∈L2(Ω)

n∑

i=1

(f(xi)− yi)
2 + λ∥f∥2L2(Ω)

Pop Quiz: What functions
minimize this loss?

Obtain zero loss by putting
“spikes” at the datapoints:

<latexit sha1_base64="bAi+onEeoxtkaL+OyTzEv4RAsbQ="></latexit>

f(x) =

(
yi if x = xi

0 else
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Reproducing Kernel Hilbert Spaces

For learning to be possible in a infinite-dimensional Hilbert space, we need
some additional regularity assumptions.

• Continuity seems to be a necessary requirement.

• But it is not sufficient – we also need to ensure that any sequence of
functions approaching a “spike” cannot vanish in norm.

The largest class of Hilbert Spaces having precisely this property are
known as Reproducing Kernel Hilbert Spaces

Definition

A Hilbert space of functions F is called a Reproducing Kernel Hilbert
Space (RKHS) if for all x ∈ Ω there exists a constant Cx such that

|f(x)| ≤ Cx∥f∥F for all f ∈ F .

Interpretation: if f is non-zero at any point, its norm is also non-zero.

21 / 126Aronszajn 1950



Kernel Functions

In the language of functional analysis, an RKHS F is a Hilbert space
where the evaluation functionals f 7→ f(x) are continuous.

By a result known as the Riesz Representation Theorem, this implies for
all x ∈ Ω there exists a function Kx ∈ F such that

⟨Kx, f⟩F = f(x) for all f ∈ F .
Define the associated kernel k : Ω× Ω → R by

k(x,x′) = ⟨Kx,Kx′⟩ = Kx(x
′) = Kx′(x).

Two important properties: kernels are
1 symmetric: k(x,x′) = k(x′,x), for all x,x′ ∈ Ω and
2 positive definite: for any finite set of points {x1, ...,xn} ⊂ Ω, the
kernel matrix K ∈ Rn×n with Kij = k(xi,xj) is a PSD matrix.

0 1

0

1
0 1

0

1
x

y

k(x,y) kernel matrix K
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Example: Bandlimited Functions

Let B ⊂ L2(R) be the space of functions f : R → R whose Fourier

transform f̂(ξ) vanishes for all frequencies |ξ| > B.

Pop Quiz: Why aren’t “spike” functions allowed in this space?

Define the sinc function s(x) := F−1(1[−B,B])(x) = sin(Bt)/πx

Key property: s ∗ f = f for all f ∈ B, since ŝ ∗ f = ŝ · f̂ = f̂ .

Put another way, we have

f(x) = (s ∗ f)(x) =
∫

R
f(x′)s(x′ − x)dx′ = ⟨f, s(· − x)⟩

Therefore, B is an RKHS with kernel function k(x, x′) = s(x− x′).
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Example: the Sobolev space Hs(Ω)

Let Hs(Ω) denote the space of functions f : Ω → R whose partial
derivatives up to order s belong to L2(Ω), equipped with the inner product

⟨f, g⟩Hs(Ω) =
∑

|α|≤s

∫

Ω

Dαf(x)Dαg(x) dx ⇒ ∥f∥2Hs(Ω) =
∑

|α|≤s

∥Dαf∥2L2(Ω)

Fact: if s > d/2 then Hs(Ω) is an RKHS.

Smoothness s ≥ d/2 is necessary, since otherwise arbitrarily thin “spike”
functions would have vanishing norm:

fε(x) := f(x/ε) ⇒ ∥∂sfε∥L2 = εd/2−s∥∂sf∥L2

ε = 1 ε = 0.5 ε = 0.1
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Building RKHSs from Kernels

Every RKHS induces a kernel k(·, ·) that is symmetric and positive definite.

On the flipside, given any function k : Ω×Ω → R that is symmetric and
positive definite, we can construct a RKHS having k as its kernel.

1 Take the span of all kernel translates k(·,x):

span{k(·,x) : x ∈ Ω} =




fa =

n∑

i=1

aik(·,xi) :

n ∈ N
ai ∈ R
xi ∈ Rd





2 Equip this space with the inner product:

f =

n∑

i=1

aik(·,xi), g =

m∑

j=1

a′jk(·,x′
j) =⇒ ⟨f, g⟩ =

n∑

i=1

m∑

j=1

aia
′
jk(xi,xj)

3 Take the closure of the space (in the induced norm) to get the RKHS.

Theorem (Moore-Aronszajn)

Every SPD function k(·, ·) defines a unique RKHS with k as its kernel.
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Examples: Common Kernels

Linear Kernel k(x,y) = xTy,

Polynomial Kernel k(x,y) = (xTy + 1)d, for some k ∈ N

Gaussian Kernel k(x,y) = exp
(
− 1

2σ2 ∥x− y∥22
)
, for some σ > 0

Another common way to create kernels is with a feature map φ : Ω → H
where H is a Hilbert space (typically RD):

k(x,y) = ⟨φ(x), φ(y)⟩H

Example: φ : R → R3 given by φ(x) = [1,
√
2x, x2]T gives the

polynomial kernel k(x, y) = 1 + 2xy + x2y2 = (xy + 1)2
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Example: Tangent Kernels

Given a parametric model fθ(x) = f(θ;x), linearizing about θ = θ0 gives

f(θ;x) ≈ f(θ0;x) +∇θf(θ0;x)
T(θ − θ0).

For any fixed θ define the tangent kernel kθ

kθ(x,x
′) := ∇θf(θ;x)

T∇θf(θ;x
′), for all x,x′ ∈ Ω

which is the kernel arising from the feature map ϕ(x) = ∇θf(θ,x).

Jacot et al. 2018 showed that when fθ is
a randomly initialized neural network
architecture, in the limit of the
hidden-layer widths approaching infinity,
kθ(x,x

′) converges to an explicit kernel
that stays constant during training–the
neural tangent kernel.

�����  ��	��� 
�����  ��	����  
�����    ��	��� 
�����    ��	����  

Figure 1: Convergence of the NTK to a fixed limit
for two widths n and two times t.

Figure 2: Networks function f✓ near convergence
for two widths n and 10th, 50th and 90th per-
centiles of the asymptotic Gaussian distribution.

t = 0 and then after 200 steps of gradient descent with learning rate 1.0 (i.e. at t = 200). We
approximate the function f⇤(x) = x1x2 with a least-squares cost on random N (0, 1) inputs.

For the wider network, the NTK shows less variance and is smoother. It is interesting to note that
the expectation of the NTK is very close for both networks widths. After 200 steps of training, we
observe that the NTK tends to “inflate”. As expected, this effect is much less apparent for the wider
network (n = 10000) where the NTK stays almost fixed, than for the smaller network (n = 500).

6.2 Kernel regression

For a regression cost, the infinite-width limit network function f✓(t) has a Gaussian distribution for
all times t and in particular at convergence t ! 1 (see Section 5). We compared the theoretical
Gaussian distribution at t ! 1 to the distribution of the network function f✓(T ) of a finite-width
network for a large time T = 1000. For two different widths n = 50, 1000 and for 10 random
initializations each, a network is trained on a least-squares cost on 4 points of the unit circle for 1000
steps with learning rate 1.0 and then plotted in Figure 2.

We also approximated the kernels ⇥(4)
1 and ⌃(4) using a large-width network (n = 10000) and used

them to calculate and plot the 10th, 50th and 90-th percentiles of the t ! 1 limiting Gaussian
distribution.

The distributions of the network functions are very similar for both widths: their mean and variance
appear to be close to those of the limiting distribution t ! 1. Even for relatively small widths
(n = 50), the NTK gives a good indication of the distribution of f✓(t) as t ! 1.

6.3 Convergence along a principal component

We now illustrate our result on the MNIST dataset of handwritten digits made up of grayscale images
of dimension 28 ⇥ 28, yielding a dimension of n0 = 784.

We computed the first 3 principal components of a batch of N = 512 digits with respect to the NTK
of a high-width network n = 10000 (giving an approximation of the limiting kernel) using a power
iteration method. The respective eigenvalues are �1 = 0.0457, �2 = 0.00108 and �3 = 0.00078.
The kernel PCA is non-centered, the first component is therefore almost equal to the constant function,
which explains the large gap between the first and second eigenvalues3. The next two components are
much more interesting as can be seen in Figure 3a, where the batch is plotted with x and y coordinates
corresponding to the 2nd and 3rd components.

We have seen in Section 5 how the convergence of kernel gradient descent follows the kernel principal
components. If the difference at initialization f0�f⇤ is equal (or proportional) to one of the principal

3It can be observed numerically, that if we choose � = 1.0 instead of our recommended 0.1, the gap between
the first and the second principal component is about ten times bigger, which makes training more difficult.

8

Infinitely-wide neural network architectures define kernels

Does this RKHS perspective explain the astounding
success of neural networks?
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RKHS Representer Theorem

Theorem

Let F be an RKHS with kernel k : Ω× Ω → R. Fix λ > 0. Then

f∗ ∈ argmin
f∈F

n∑

i=1

L(f(xi), yi) + λ∥f∥2F ⇔ f∗(x) =
n∑

i=1

aik(x,xi).

for some ai ∈ R.

Proof sketch for square-loss:

min
f∈F

n∑

i=1

(f(xi)− yi)
2 + λ∥f∥2F = min

f∈F

n∑

i=1

(⟨Kxi
, f⟩F − yi)

2 + λ⟨f, f⟩F

Set the “derivative” ∂/∂f of the loss to zero:

n∑

i=1

2(⟨Kxi
, f∗⟩F − yi)Kxi + 2λf∗ = 0 =⇒ f∗ =

n∑

i=1

aiKxi .

28 / 126Wahba 1990; Schölkopf and Smola 2002



The “Kernel Trick”

Restricting to only functions of the form f =
∑n

i=1 aik(·,xi) we have

min
f∈F

n∑

i=1

L(yi, f(xi)) + λ∥f∥2F ⇔ min
a∈Rn

n∑

i=1

L(yi, [Ka]i) + λaTKa

where K ∈ Rn×n is the kernel matrix Kij = k(xi,xj). This is now a
finite dimensional optimization problem we can solve easily.

Example: Gaussian RBF kernel f(x) =
∑n

i=1 ai exp(− 1
2σ2 (x− xi)

2)
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Example: Smoothing Splines

<latexit sha1_base64="j2TlivaaU7V4F6kfGMs2CV5VRJ4="></latexit>

kD2fk2
L2

<latexit sha1_base64="Tn1JU7Z7EWkNWbZK8tCC5PQBCc8="></latexit>

The solution to
<latexit sha1_base64="bcCtotsDbRW9oXasoMP/h/itDJE="></latexit>

min
f

n∑

i=1

(yi → f(xi))
2 + ω

∫ 1

0

|D2f(x)|2 dx

<latexit sha1_base64="2P2X8MEZu+EVcE6zo9qss5I5ATI="></latexit>

is a cubic (smoothing) spline,
<latexit sha1_base64="zu5A/nUhVH2/Or9lPdz2Asx8YDk="></latexit>

fspline(x) =

n∑

i=1

aω
i k(x, xi),

<latexit sha1_base64="RWC3W4jsDKCBqrzvzIWqFcuHmiE="></latexit>

quadratic regularizer )
solution linear in data y

<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="Sc9KR6SeIJTCY3gXPd7x73RWaHc="></latexit>

E→fω ↑ fspline→2
L2 = O(n→ 4

5 ).

<latexit sha1_base64="+dPLXrxmVFloGBjR0Z8CWxseiKw="></latexit>

If yi = fω(xi) + ωi with fω → H2, then

<latexit sha1_base64="Mtuv7wSxvmxez7lgrlN8AT5Gnyo="></latexit>

where aω = arg mina→Rn →y ↑ Ka→2
2 + ωaTKa.
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Limitations of Linear/Kernel Methods

<latexit sha1_base64="Nv47293ri7ZpsrR06uGcJ5Rmrqw="></latexit>

True function and noisy data

<latexit sha1_base64="XOXe8TOOxu/5spbXowSWSQChop4="></latexit>

large �:
oversmooths high variation
portion of the data

<latexit sha1_base64="b+TK6A16uFZMUoHHTc/yB6wB7qw="></latexit>

small �:
overfits low variation
portion of the data

<latexit sha1_base64="UhPRBohprI5czvYY1nHYsmQtrlU="></latexit>

Linear methods cannot adapt to spatially varying smoothness.
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Limitations of Linear/Kernel Methods

wavelet shrinkage

neural network
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Limitations of Linear/Kernel Methods
<latexit sha1_base64="Zt+a2mzE0hZ8HJm6CP0BGmoB6vE="></latexit>

True function
and noisy data

<latexit sha1_base64="vsCsu0sMyw1aTvvg+mhJ0HvSyPE="></latexit>

Thin-plate spline
(kernel method)

<latexit sha1_base64="wbLjgwtF/XJXyAV3Y74FTPCt2Us="></latexit>

Neural network
(nonlinear method)

<latexit sha1_base64="2W1r+VoazoiT+cexoFcrz8zzGdM="></latexit>

Neural networks can adapt to low-dimensional structure.
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Summary

• Kernel methods are well-understood from the function-space view.

=⇒ Essentially by construction.
=⇒ There is a one-to-one correspondance between a kernel k(·, ·) and

their associated RKHS Hk.

• We know when kernel methods work and how well they work.

=⇒ Kernel methods are “optimal” for learning functions in their
associated RKHS.

• We know that there are situations where they do not work.

=⇒ There are fundamental drawbacks to linear methods.
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Outline

1 Hilbert Spaces ⇔ Linear/Kernel Methods

2 Banach Spaces ⇔ Nonlinear/Sparse Methods

3 Banach Spaces ⇔ Shallow Neural Networks

4 Beyond(?) Banach Spaces ⇔ Deep Neural Networks
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Banach Spaces - Basic Definition

Assume F is a vector space of functions defined on a domain Ω ⊂ Rd.

We will focus on functions with real outputs (scalar- or vector-valued).
We say that ∥·∥F : F → R≥0 is a norm if it is:

• subadditive: ∥f + g∥F ≤ ∥f∥F + ∥g∥F
• homogeneous: ∥αf∥F = |α|∥f∥F
• positive definite: ∥f∥F = 0 if and only if f ≡ 0

Remark: Every inner product ⟨·, ·⟩ induces a valid norm: ∥f∥2 := ⟨f, f⟩.

Definition

A Banach space is a vector space F equipped with a norm ∥·∥F that is
complete with respect to the norm ∥·∥F .
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Reproducing Kernel Banach Spaces

Definition

A Banach space of functions F is called a Reproducing Kernel Banach
Space (RKBS) if its norm ∥·∥F is strictly convex, if its dual norm ∥·∥F ′

is strictly convex, and for all x ∈ Ω there exists a constant Cx such that

|f(x)| ≤ Cx∥f∥F for all f ∈ F .

• Strict convexity of the norm and dual norm ensures the existence of a
unique reproducing kernel k : Ω× Ω → R with k(x, ·) ∈ F and
k(·,x) ∈ F ′ and

⟨k(x, ·), f⟩ = f(x), for all f ∈ F .
⟨k(·,x), f⟩ = f(x), for all f ′ ∈ F ′.

• The RKBS shares many similarities to the RKHS framework, but
reflexivity is too strong of a condition to capture important spaces
related to sparsity.
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Sparsity = Feature Learning?

In Hilbert-space methods, the learned models are linear in parameters.

Linear methods cannot adapt to spatially varying smoothness.

Linear methods do not learn features.

Early approaches to circumvent this issue were based on sparsity:

• lasso (Tibshirani 1996)

• sparse approximation (DeVore 1998)

• wavelet shrinkage/thresholding (Donoho and Johnstone 1998)

• compressed sensing (Candès et al. 2006; Donoho 2006)

Sparse methods are nonlinear in parameters.

Is sparsity key to understand feature learning?
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Sparsity and the Quest for Adaptivity

Latent Variable Perspective: The target function depends only on an
r-dimensional projection (r ≪ d) of the input.

Manifold Hypothesis: d-dimensional data sets that occur in the real
world actually lie along r-dimensional latent manifolds (r ≪ d).

Structured Smoothness: The target function has some unknown
structured smoothness.

Can we design methods that adapt to the unknown structure?

Sparsity ⇒ adaptation

Adaptation = feature learning?
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Sparse Models: Finite-Dimensional Case

Returning to our simplest parametric model, where F is the linear span of
a dictionary of finitely many functions φ1, . . . , φK .

fθ =

K∑

k=1

θkφk, C(θ) = ∥θ∥1
FΘ = F = span{φk}Kk=1

R(f) = inf
θ:f=fθ

∥θ∥1

The learning problem is

min
θ∈RK

n∑

i=1

L(yi, [V θ]i) + λ∥θ∥1,

where the ith row of V ∈ Rn×K is

V = [φ1(xi), φ2(xi), . . . , φK(xi)]

• Data-fitting over F is equivalent to a finite-dimensional convex
optimization problem.

• There always exists a solution with at most K dictionary functions.
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Sparse Models: Infinite-Dimensional Case

What if we had an infinitely large dictionary? {φk}k∈Z

fθ =
∑

k∈Z
θkφk, C(θ) = ∥θ∥ℓ1

FΘ ⊂ F = span{φk}k∈Z

R(f) = inf
θ:f=fθ

∥θ∥1

The learning problem is

min
θ∈ℓ1(Z)

n∑

i=1

L(yi,V{θ}) + λ∥θ∥ℓ1 ,

where V : ℓ1(Z) → Rn.

• Data-fitting over F is equivalent to a infinite-dimensional convex
optimization problem.

• Solutions have infinitely many dictionary functions? Are we screwed?

Luckily, we are not.
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Intuition: Soft Thresholding

Consider the “denoising” problem

min
θ∈ℓ1(Z)

∥y − θ∥22 + λ∥θ∥ℓ1 = min
θ∈ℓ1(Z)

∑

k∈Z

[
(yk − θk)

2 + λ|θk|
]

Pop Quiz: What is the solution to this problem?

This problem can be “decoupled”.

min
θk∈R

(yk − θk)
2 + λ|θk| ⇒ soft thresholding of yk

⇒ θ̂k = sgn(yk)max{0, |y| − λ/2}

Since θ ∈ ℓ1(Z), the sorted coefficients |θ(1)| ≥ |θ(2)| ≥ · · · must decay
strictly faster than 1/k.

For every λ > 0, only a finite number of coefficients will be nonzero.

Soft thresholding is nonlinear in parameters.
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Representer Theorems for ℓ1-Norm Regularization

The sparsity of solutions is related to the convex
geometry of the optimization problem.

min
θ∈ℓ1(Z)

n∑

i=1

L(yi,V{θ}) + λ∥θ∥ℓ1 ⇔ min
θ∈ℓ1(Z)

∥θ∥ℓ1

s.t.

n∑

i=1

L(yi,V{θ}) ≤ B

⇔ min
θ∈ℓ1(Z)

∥θ∥ℓ1 s.t. V{θ} ∈ C ⊂ Rn

There exists a solution θ̂ that is n-sparse.

• Tightly linked to Carathéodory’s theorem for convex hulls.

• This is an example of a Banach-space representer theorem.

=⇒ ℓ1(Z) is a non-Hilbertian Banach space.
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Geometry of ℓ1-Norm Regularization

The extreme points of the ℓ1-ball are 1-sparse vectors.

1-sparse vectors are Kronecker deltas:

ek[n] = δk[n] =

{
1, if n = k

0, else.

Pop Quiz: What are the extreme points of the ℓ2-ball?
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Convex Optimization in Infinite Dimensions?

min
θ∈ℓ1(Z)

n∑

i=1

L(yi,V{θ}) + λ∥θ∥ℓ1 Convex problem, but
infinite-dimensional.

BUT, we know there exists a solution θ̂ that is n-sparse:

fθ̂ =

n∑

j=1

θ[j]φ[j]

Pop Quiz: Can we just optimize over n-sparse sequences?

Yes, but the problem becomes nonconvex.
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Wavelet Shrinkage

fθ(x) =
∑

j,k

θj,k 2
−j/2ψ(2jx− k) C(θ) = ∥θ∥ℓ1

min
θ

n∑

i=1

L(yi, fθ(xi)) + λ∥θ∥ℓ1

• We can efficiently solve this
optimization problem by thresholding
the empirical wavelet coefficients.

• The resulting solution is able to adapt
to intrinsic structure in the
data-generating function.
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Spatially Inhomogeneous Functions

Spatially inhomogeneous functions have different kinds of local regularity.

Designing locally adaptive estimators was of great interest in the 1990s.

• Real-world signals (low-dimensional objects) are spatially
inhomogeneous.

• Linear methods cannot adapt to spatial inhomogeneities while
sparse/nonlinear methods can.

=⇒ Mathematical foundations for the success and popularity of wavelets.

What kinds of function spaces capture spatial inhomogeneities?

47 / 126Donoho et al. 1990



Besov Spaces and Bounded Variation (BV) Spaces

Spatially inhomogeneous functions are well-captured by
Besov and Bounded Variation (BV) spaces.

• The Besov space Bs
p,q is the space of functions with s derivatives in

Lp, where q allows for finer control of the regularity:

Bs
p,q ⊂ Bs

p,q′ ⇔ q < q′

=⇒ When p < 2, Bs
p,q contains functions that are spatially

inhomogeneous.
• The (total) variation of a function is

TV(f) = sup

n−1∑

i=0

|f(xi+1)− f(xi)|
(
≈
∫

|f ′(x)|dx
)
.

where the sup is over all partitions. BV is the space of functions with
bounded (total) variation TV(f) <∞.
=⇒ f ∈ BVk ⇔ f (k−1) ∈ BV ⇔ TVk(f) = TV(f (k−1)).

• BVk is morally a Besov space since we have the sandwich

Bk
1,1 ⊂ BVk ⊂ Bk

1,∞.
48 / 126DeVore 1998



Native Space of Wavelet Soft Thresholding


fθ =

∑

j,k

θj,kψj,k :
ψj,k(x) =

2−j/2ψ(2jx− k)





C(θ) = ∥θ∥ℓ1

F : Besov space B1
1,1

R(f) = ∥f∥B1
1,1

Besov norm

min
θ

n∑

i=1

L(yi, fθ(xi))+λ∥θ∥ℓ1 ⇔ min
f∈B1

1,1

n∑

i=1

L(yi, f(xi))+λ∥f∥B1
1,1

• ℓ1-limits of wavelet coefficients
converge to B1

1,1 functions

=⇒ Other choices of sequence space
norms give rise to all other Besov
spaces Bs

p,q.

• There always exists a solution to the
problem over B1

1,1 that is a sparse and
finite combination of wavelets.

=⇒ Soft-thresholding is the algorithm of
choice.
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Integral Representations of Functions

For smooth functions on [0, 1], by the fundamental theorem of calculus, we
have that

f(x) = f(0)+

∫ x

0

f ′(t) dt ⇒ f(x) = f(0)+

∫ 1

0

ReLU0(x−t)f ′(t) dt.

If we iterate this process...

f(x) =

k−1∑

j=0

f (j)(0)xj +

∫ 1

0

ReLUk−1(x− t)f (k)(t) dt

Pop Quiz: When is this quantity well-defined?

• ∥f (k)∥L1 <∞.

• Suppose k = 1 and f(x) = ReLU0(x− 0.5).
=⇒ f ′(x) = δ0.5.

=⇒ f(x) =

∫ 1

0

ReLU0(x− t) dδ0.5.

• Identify f (k) with a measure ν ⇒ ∥ν∥M <∞.
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BV Spaces and Continuously-Indexed Dictionaries

For smooth functions, we have that

TV(f) = sup

n−1∑

i=0

|f(xi+1)− f(xi)| =
∫ 1

0

|f ′(x)|dx.

For nonsmooth functions,

TV(f) = ∥f ′∥M ⇒ TVk(f) = ∥Dk f∥M.

If f ∈ BVk and ν = Dk f , then,

f(x) =

k−1∑

j=1

cjx
j +

∫ 1

0

ReLUk−1(x− t) dν(t)

• Peano kernel formula

• Infinite-width neural network?

• f ∈ BVk ⇒ f can be build from the continuously-indexed
dictionary {ReLUk−1(· − t)}t∈[0,1].
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Minimax Optimality of Nonlinear Methods

Pop Quiz: What is the regularity of this function?

• This is a BV2 function.

• The minimax rate for BV2 is

inf
f̂

sup
f∈BV2

TV2(f)≤C

E∥f − f̂∥2L2 ≍ n−4/5

smoothing spline wavelet shrinkage

n−3/4 n−4/5

• n−3/4 is the linear minimax rate
52 / 126Donoho and Johnstone 1998; Mammen and Geer 1997



Sparsity in the Continuum

Discrete sparse model:

∑

k∈Z
θkφk, C(θ) = ∥θ∥ℓ1

Continuous sparse model:

∫

Ξ

φξ dν(ξ), C(ν) = ∥ν∥M

The continuous model is “backwards compatible” with the discrete model.

∥∥∥∥∥
∑

k∈Z
θkδξk

∥∥∥∥∥
M

=
∑

k∈Z
|θk| = ∥θ∥ℓ1

Pop Quiz: Why don’t we use the L1-norm for continuous sparsity?

• The extreme point of the unit ball of ℓ1(Z) are the Kronecker
deltas: {ek}k∈Z.

• The extreme points of the unit ball of M(Ξ) are the Dirac
deltas/measures: {δξ}ξ∈Ξ.

• The extreme points of the unit ball of L1(Ξ)...do not exist.
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Variation Spaces

Given a continuously-indexed dictionary D = {φξ}ξ∈Ξ, the variation
space of D is the space

V = V(D) =

{
fν =

∫

Ξ

φξ dν(ξ) : ν ∈ M(Ξ)

}
.

This forms a Banach space when equipped with the norm/representation
cost

R(f) = ∥f∥V = inf
ν∈M(Ξ)
f=fν

∥ν∥M

Example: BVk (modulo polynomials) is a variation space with respect to
the {ReLUk−1(· − t)}t∈[0,1] dictionary.

The variation norm is the continuous counterpart of the atomic norm.

54 / 126Barron 1993; Kůrková and Sanguineti 2001; Mhaskar 2004; Bach 2017



Variation Spaces as a Closure

fθ =

K∑

k=1

θkφξk , C(θ) = ∥θ∥ℓ1 F = span{φξ}ξ∈Ξ

If the dictionary D = {φξ}ξ∈Ξ is sufficiently regular, then

V(D) = F

Observation: Variation spaces are ℓ1-limits of combinations from
continuous dictionaries.

55 / 126Donoho 2000; Siegel and Xu 2023



Meyer’s Bump Algebra

Let Kx denote the Gaussian kernel centered at x. Consider the dictionary
G = {Kx}x∈Ω, where Ω ⊂ Rd.

The variation space V(G) is called Meyer’s Bump Algebra.

V(G) = Bd
1,1(Ω)

On the other hand, the RKHS H generated by G is fundamentally
different.

H ⊂ Hs(Ω) for any s ≥ 0

• H is an extremely small space.

• G is reasonably large.

=⇒ H ⊊ G

Pop Quiz: Why did we get different spaces from
the same parametric model space FΘ?

This is alluding to a gap between Hilbert- and Banach-space methods.
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Representer Theorems for M-Norm Regularization

Theorem

Fix a dictionary D = {φξ}ξ∈Ξ of continuous functions. For any data set
{(xi, yi)}ni=1 and lower semicontinuous L(·, ·), there exists a solution ν̂ to

min
ν∈M(Ξ)

n∑

i=1

L(yi, fν(xi)) + λ∥ν∥M, λ > 0,

that admits a representation of the form

fν̂(x) =

K∑

k=1

vkφξk(x), K ≤ n.

There always exists a solution that is a K-sparse sum
of dictionary functions.
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Convex or Nonconvex?

min
ν∈M(Ξ)

n∑

i=1

L(yi, fν(xi)) + λ∥ν∥M Convex problem, but
infinite-dimensional.

BUT, we know there exists a solution ν̂ that is K-sparse:

fν̂(x) =

K∑

k=1

vkφξk(x)

Pop Quiz: Can we just optimize over K-sparse sums?

Yes, but the problem becomes nonconvex.

min
v1,...,vK
ξ1,...,ξK

n∑

i=1

L
(
yi,

K∑

k=1

vkφξk(xi)

)
+ λ∥v∥1
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Geometry of Convex Regularization

The “atoms” of the solution are the extreme
points of the regularization ball.

59 / 126Chandrasekaran et al. 2012



Abstract Representer Theorems

Theorem

Consider the learning problem over the function space F

inf
f∈F

n∑

i=1

L(yi, f(xi)) + λR(f).

Under appropriate hypotheses on F and R, there always exists a sparse
solution of the form

f̂ =

K∑

k=1

vkek, K ≤ n,

where ek ∈ Ext({f ∈ F : R(f) ≤ 1}).

Infinite-dimensional optimization problems with finite
data constraints always admit sparse solutions.

60 / 126Boyer et al. 2019; Bredies and Carioni 2020; Unser 2021



Summary

• Sparsity allows for methods to adapt to structure.

=⇒ Linear methods (including kernel methods) cannot.
=⇒ Quantification via minimax and linear minimax rates.

• Infinite-dimensional sparse models correspond to convex problems.

=⇒ These problems can be recast as finite-dimenensional non-convex
problems.

=⇒ This will play a key role in understanding neural networks from the
function-space view.

• The infinite-dimensional perspective reveals interesting aspects about
the geometry of convex regularization.

=⇒ Abstract representer theorems and extreme points.
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What is the Inductive Bias Shallow Neural Networks?

<latexit sha1_base64="EZTEcmGzGPp1WQ4206nqM+csZto="></latexit>

What kinds of functions do neural networks prefer?

<latexit sha1_base64="vNJ36RC7pq9H09iRlWs9aw1XXNg="></latexit>

• Such functions can be approximated by a neural network

with K neurons at a rate K� 1
2 .

<latexit sha1_base64="mJEdEq7RAqNgR3++TGcIlKmMuVQ="></latexit>

Barron (1993) introduced a class of d-dimensional functions
that can be approximated extremely well by neural networks.

<latexit sha1_base64="tDcNvo7JWcBWSLgYve2QQwy9r/8="></latexit>

=) Andrew Barron broke the curse of dimensionality!

<latexit sha1_base64="7WyLIv6kiLJn5BlaSL0Ev1KT3fg="></latexit>

Andrew Barron

<latexit sha1_base64="OIA0cLGJ+macBLsgKA5DuirRg6Q="></latexit>

• Rates for classical function classes behave as K� s
d

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse
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Spectral Barron Spaces

Let Bs ⊂ L1(Rd) be the space of functions for which

∥f∥Bs :=

∫

Rd

|f̂(ω)|(1 + ∥ω∥)s dω < +∞

Then Bs is a Banach space and is now referred to the sth order spectral
Barron space.

• Barron 1993 proved that functions in B1 can be approximated by
shallow sigmoid neural networks at a rate that does not grow with
input dimension!

=⇒ Klusowski and Barron 2018 extended this result and proved that
functions in B2 can be approxiamted by shallow ReLU neural
networks at a rate that does not grow with input dimension.

• Spectral Barron spaces are variation spaces for the dictionary

{(1 + ∥ω∥)−seiω
Tx}ω∈Rd

65 / 126Barron 1993; Klusowski and Barron 2018; Siegel and Xu 2020



Maurey–Barron–Jones Lemma

Theorem

Fix a dictionary D = {φξ}ξ∈Ξ of bounded functions and let V = V(D) be
the associated variation space. Given f ∈ V, there exists

fK =

K∑

k=1

vkφξk

such that
∥f − fK∥L2(Ω) ≤ C0CΩ∥f∥VK−1/2,

where C0 is an absolute constant and

CΩ = sup
ξ∈Ξ

∥φξ∥L2(Ω).

Variation spaces admit dimension-free approximation rates.
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Limitations to Spectral Barron Spaces

• Spectral Barron spaces offer an incomplete description.

=⇒ B2 provides a sufficient condition for approximation by shallow ReLU
networks with dimension-free rates.

=⇒ This kind of regularity is not necessary.

Example: A single ReLU neuron does not lie in B2.

Question: What is the largest space of functions approximable
by a shallow network (with a given activation function) at a

particular estimation error rate?

This is a fundamental problem in approximation theory.

• Currently, there is not a complete characterizatio of the
approximation spaces of shallow neural networks, but sufficient
conditions are known. (DeVore et al. 2025)

=⇒ In 1D, these spaces are known and coincide with Besov spaces.
(Petrushev 1988)
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Neural Balance and Weight Decay

<latexit sha1_base64="QOHLkB+QgOzWfAF2887nyBfRQxE="></latexit>

Rd 3 z
<latexit sha1_base64="3s22nU/3kod/84piwQnPWrSAV4Y="></latexit>

v(wTz)+ 2 RD<latexit sha1_base64="+I27T0SWVYiEEboNInecpA5MBHA="></latexit>w <latexit sha1_base64="kYEE+sEIPNiclfKYQKczTMcTGrU="></latexit>v

<latexit sha1_base64="EYTttEXIo21GnY0nkhhaOu52qmY="></latexit>

weight decay in training
is equivalent to adding
kwk2

2 + kvk2
2 to the

training objective

<latexit sha1_base64="/U9G4jEN29FGyZvi/HgS4QlItGA="></latexit>

If a DNN is trained with weight decay, then the
2-norms of the input and output weights to each
ReLU neuron must be balanced.

<latexit sha1_base64="8C/SUVkJi07P66EQgNohfxaOyWo="></latexit>

Neural Balance Theorem
<latexit sha1_base64="UsjRnErdUki4r19WfKPqhFMlrTo="></latexit>kwk2 = kvk2

<latexit sha1_base64="9fv77ZmxsViIrnW9J90jKYD2lyc="></latexit>

mathematical expression
for a single ReLU neuron

<latexit sha1_base64="XjFM9jMngw6I9Cb2CdNoAt9/OA4="></latexit>

ReLU activation
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Neural Balance

<latexit sha1_base64="XZQ+4EcVcZJ/nFFmH2lRhc71jz8="></latexit>

The ReLU activation is homogeneous

<latexit sha1_base64="lSLIU1xYcI/j8kQ+KTwOMpSAFcI="></latexit>

v(wTz)+ = ��1v(�wTz)+, for any � > 0.

<latexit sha1_base64="KTXpovT/Bgc3RRpL7cD8OkNJUMo="></latexit>

At a global minimizer,
kvk2

2 + kwk2
2

2
= kvk2kwk2.

<latexit sha1_base64="MnMyFTV6ZTIowK0CFDjmcxKYWZc="></latexit>

At a global minimizer of the weight decay objective, kvk2 = kwk2.

<latexit sha1_base64="6CHLuqaiI9kuBy879MGI7o1/kgk="></latexit>⇤

<latexit sha1_base64="DiZP+Qh3eNvaUoe9FA7tSkmoLgE="></latexit>

Proof. The solution to

<latexit sha1_base64="gj1plmbSRzbg/1tDgrggnTc5oFM="></latexit>

is � =
p

kvk2/kwk2.

<latexit sha1_base64="FVaM4V6z5dOLQx+lglpG7QNThTw="></latexit>

min
�>0

k��1vk2 + k�wk2
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Secret Sparsity of Weight Decay

<latexit sha1_base64="ObJSHte5YW5v/jS3loS4TEUcl+c="></latexit>

multitask lasso

<latexit sha1_base64="ebOykO7wP0GkFed4dNBzep6Jh0k="></latexit>

path-norm

<latexit sha1_base64="nhOOe28uxulTwMFfT4rP4lHfav0="></latexit>

weight decay

<latexit sha1_base64="9ACEmQpE6TZ9BlAlZaKKTvZQGdk="></latexit>

✓ = {(wk, vk)}K
k=1

<latexit sha1_base64="5OLo7onTez1+8qMvtu847cCOwYU="></latexit>

f✓(x) =
KX

k=1

vk(wT
k x)+

<latexit sha1_base64="iqFcqctwU/Zo0qo8JyIrd1qe+2E="></latexit>

min
ω={(wk,vk)}K

k=1

n∑

i=1

L(yi, fω(xi)) + ω
K∑

k=1

→vk→2→wk→2

<latexit sha1_base64="ilo/XOEyIvdzXEdE3w9eA6QvDRE="></latexit>

min
ω={(wk,vk)}K

k=1

→wk→2=1

n∑

i=1

L(yi, fω(xi)) + ω
K∑

k=1

→vk→2

<latexit sha1_base64="EC5vyNa182YDWTI2F1JhN7pBJRg="></latexit>

Rebalancing

<latexit sha1_base64="izgeVrEbIp4Oio1AAZqK+AOEIVs="></latexit>

min
ω={(wk,vk)}K

k=1

n∑

i=1

L(yi, fω(xi)) +
ω

2

K∑

k=1

→vk→2
2 + →wk→2

2
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Secret Sparsity of Weight Decay

<latexit sha1_base64="7YrhTh5QtCsPkuMrPeDfDVKBZGI="></latexit>

weight decay
<latexit sha1_base64="ay9RiSt765q0ol+wuhHCmcxNd5o="></latexit>()

<latexit sha1_base64="ilo/XOEyIvdzXEdE3w9eA6QvDRE="></latexit>

min
ω={(wk,vk)}K

k=1

→wk→2=1

n∑

i=1

L(yi, fω(xi)) + ω
K∑

k=1

→vk→2

<latexit sha1_base64="iqvmEW1nhXP4R0hvFfjTSDqOAV0="></latexit>

=) Convex reformulations of
neural network training problems.

<latexit sha1_base64="Bf5ScOyZItwxlkk7Lkq7Pa5ABNs="></latexit>

Ergen and Pilanci (2021, JMLR)
Sahiner et al. (2021, ICLR)

<latexit sha1_base64="vmgCP8HNcCMPJlvYj+1HlKx4w7c="></latexit>

What Kinds of Functions Do Neural Networks Learn?

<latexit sha1_base64="Pz0+3Z4dlpAQczuDnSchc4IskXc="></latexit>

Why Do Neural Networks Work Well in High-Dimensional Problems?

<latexit sha1_base64="NjT4P4JwbS0aB3d2ro3T3upUrII="></latexit>

• Weight decay is equivalent to a non-convex multitask lasso.
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Path-Norm and Representation Costs

<latexit sha1_base64="AS2MFOf0YYcfIHuUoCK4Uz8Ag5I="></latexit>

“output weights”

<latexit sha1_base64="Iy5zzAmbm+75/ZHfbDhCaPMsciE="></latexit>

kfkF =

KX

k=1

|vk|kwkk2

<latexit sha1_base64="9Z7XCz/Q2RMWNhjWCgrif+uuTSU="></latexit>

The path-norm is a valid norm on F!:

<latexit sha1_base64="gePzFDstFeQ03ZwvWK7wTbkRYew="></latexit>

f(x) =

Z

Sd�1

(wTx)+ d⌫(w).

<latexit sha1_base64="L9XNm9eBfubmfNDrANWd/nnbx2M="></latexit>

The “completion” of F! (in an appropriate sense) is a Banach space.
It is the Banach space of all functions of the form

<latexit sha1_base64="Zvsgw85kXhHSa05GSWDh6t0qFKw="></latexit>

Barron (1993, IEEE Transactions on Information Theory)
Bach (2017, Journal of Machine Learning Research)
Siegel and Xu (2023, Constructive Approximation)

<latexit sha1_base64="yIKdiBk0/d0aG6/NQHHT6BuuTN0="></latexit>

finite-width
networks

<latexit sha1_base64="PJROvNtGxzSurUVb2xBkKdEnhzc="></latexit>

F! =

{
f(x) =

K∑

k=1

vk(wT
k x)+ : vk → R, wk → Rd, K → N

}
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Path-Norm and Derivatives

<latexit sha1_base64="GVgO+FIZdESswgAEm47qmcOgNWI="></latexit>

f✓(x) =

KX

k=1

vk(wkx � bk)+

b1

w1

b2

w2

b3

w3

b4

w4

b5

w5

b6

w6

fµ(x) Dfµ(x)

v1|w1|
v3|w3| v5|w5|

v2|w2|
v4|w4|

v6|w6|

D2fµ(x)

<latexit sha1_base64="ynoULWRQDCevfT9TrRKG/3mm8v0="></latexit>

More rigorously:
total variation of Df✓

<latexit sha1_base64="XT6t1PZYWZe5ZhyqbuSYDC7hR44="></latexit>

path-norm(f✓) =

KX

k=1

|vk||wk| =

Z 1

�1
|D2f✓(x)| dx

BV2 is the native space for univariate shallow neural networks.

73 / 126Savarese et al. 2019



What About the Multivariate Case?

<latexit sha1_base64="21jOfszXbgurEd/IS29e5MxWANw="></latexit>

D2

<latexit sha1_base64="mUBkLkWIfPm57TtM/T1o+c90394="></latexit>

???

<latexit sha1_base64="BJsL6/f1+alioeqqT7CBihh5kdc="></latexit>

(wTx � b)+

<latexit sha1_base64="qJDal6vKjmOEQF2YfzjTivAh3mA="></latexit>

(wx � b)+
<latexit sha1_base64="Z6c423Z95xGARlzCTY6FEyxHcus="></latexit>

|w|�(x � b/w)

<latexit sha1_base64="pMse6Br/sINgFljlYvDtYuonpJg="></latexit>

�?
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Multivariate Extension: The Radon Transform

x 1

°50

0

50x
2

°50
0

50

°10

0

10

s(x)

°10

0

10

<latexit sha1_base64="7cUW6VVAMBOBnuAwfQ1skK7NYJE="></latexit>

f✓

<latexit sha1_base64="wsRuLPfskY7F2lJnZ2NrJD9EHaQ="></latexit>

�

<latexit sha1_base64="v2bh699P0p+O/6PDU+a45f7SgNw="></latexit>

di↵erentiate
twice

<latexit sha1_base64="2DltLQ659kYt5TNyyFLmufl46uQ="></latexit>

Dirac “lines”
along activation

thresholds

0 º/2 º
µ

w = (cos µ, sin µ)

°50

°25

0

25

50

b

R2{s}(x)

<latexit sha1_base64="+J4O4LNuxKiB7cm5hmBnJqw/NbA="></latexit>

K R

<latexit sha1_base64="SUHV0kxZrDQjnvX8eXBJ6DfgvVA="></latexit>

filtered
Radon

transform

<latexit sha1_base64="xqNJrZzx9yNj8EscWGdhzII5qi4="></latexit>

� at each
neuron

weight/bias

<latexit sha1_base64="N82jQPJQnAHvNFjTG+FbprEHW8o="></latexit>

magnitude of
each �: vkkwkk2

<latexit sha1_base64="HimauWyHGVSKxGQv0G94lk8dt0Y="></latexit>

ReLU network

path-norm(fθ) =

K∑

k=1

|vk|∥wk∥2 = ∥KR ∆fθ∥M
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Functions of Radon Bounded Variation

<latexit sha1_base64="Sux+jxxBZY/3do+qTT1wQLUlNcY=">AAAEcnicbVNdT9swFDXQbaz7gu1te/EKSEzqkJ2SAntifEujUldRikS6ynUcauE4wXG2VSF/ce/7GxOvm+aGMDVhjq50dO4519d27jAUPNII/ZyZnas8ePho/nH1ydNnz18sLL48jYJYUdalgQjU2ZBETHDJupprwc5CxYg/FKw3vNy </latexit>

Radon-domain TV2: R TV2(f) := kK R�fkM

<latexit sha1_base64="vGIoleN5xijbA85ECG+788a7uQo="></latexit>

total variation
of the measure

K R�f

<latexit sha1_base64="73Lzjscx3FjZxTw0CQywV3rkurA="></latexit>

� =

dX

k=1

@2

@x2
k

= Laplacian operator

<latexit sha1_base64="dLdwcA8/GvN4UIxX+fENevqrtu8="></latexit>

Average measure of sparsity of second
derivatives along each direction in Rd.

<latexit sha1_base64="bMbYziCUHoU/mqulEXn+V3C+7h4="></latexit>

R BV2 is the space of all functions on Rd with R TV2(f) < 1.

<latexit sha1_base64="fFK1iJDAoBSumEFM+aWrid7/cbU="></latexit>

Banach, not Hilbert!

<latexit sha1_base64="uSqkTSWy8MOFrmUeXVTGMdTxKQc="></latexit>

K R = filtered Radon transform
<latexit sha1_base64="oODqq2YQL+/6IziisnOxPDqlNvg="></latexit>

cKg(!) / |!|d�1bg(!)

R BV2 provides an analytic description of the ReLU variation space.
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Representer Theorem

<latexit sha1_base64="WJ6bg7TBgz4PulDmXQqBrj8MuAg="></latexit>

that admits a representation of the form

<latexit sha1_base64="phP1cVjTq/PQQo0e8BgYnbaVcmc="></latexit>

Neural Network Representer Theorem
<latexit sha1_base64="nddPCMF6/rmUm67zoz/+XmtkyX8="></latexit>

For any data set {(xi, yi)}n
i=1 and lower semicontinuous L(·, ·),

there exists a solution to
<latexit sha1_base64="yroHeBQ3UpLDshq5dER0q3BZdz0="></latexit>

min
f→R BV2

n∑

i=1

L(yi, f(xi)) + ωR TV2(f), ω > 0,

<latexit sha1_base64="iz6Q0P/BbY3OVcf9cpxQeHfyUso="></latexit>

fReLU(x) =
K∑

k=1

vk(wT
k x → bk)+ + wT

0 x + b0, K < n.

<latexit sha1_base64="38jpo8Az/gFjp7kmD4dsJLGh7fQ="></latexit>

Training a su�ciently parameterized
neural network (K � N) with weight
decay (to a global minimizer) is a solution
to the Banach space problem.

<latexit sha1_base64="2Veh8gcm0ixw+aGeYlq9TB2sqHs="></latexit>

Neural networks learn
R BV2-functions.
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Neural Spaces

<latexit sha1_base64="xAKwJRNq6DWaYcJcfOPOrT7Fr7Y="></latexit>

Hs(⌦), s > d/2 + 2
Sobolev space

“s derivatives in L2(⌦)”

<latexit sha1_base64="s1gXRYiUTTyGkohPR7BqSph9MX4="></latexit>

R BV2(⌦)
Radon-domain BV space

“sparsity in Radon domain”

<latexit sha1_base64="gf0yhJqWvGj+Tp1VD2JRNbeTkLs="></latexit>

B2(⌦)
spectral Barron spaceZ

(1 + k!k2)
2|f̂(!)| d! < 1

“sparsity in Fourier domain”

<latexit sha1_base64="dBqtlPG3JJHzXOAgMQsP69tJ/kU="></latexit>

cartoon diagram
of unit R BV2-ball
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Adaptation to Directional Smoothness

<latexit sha1_base64="Zt+a2mzE0hZ8HJm6CP0BGmoB6vE="></latexit>

True function
and noisy data

<latexit sha1_base64="vsCsu0sMyw1aTvvg+mhJ0HvSyPE="></latexit>

Thin-plate spline
(kernel method)

<latexit sha1_base64="wbLjgwtF/XJXyAV3Y74FTPCt2Us="></latexit>

Neural network
(nonlinear method)

<latexit sha1_base64="lu5BV8dyxb/Fn7ZnRp/sNxLf9Rk="></latexit>

Variation in only a few directions is a defining characteristic of R BV2.
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Breaking the Curse of Dimensionality?

<latexit sha1_base64="+gAnTxRv6MsPsQFZlPxrhXFoG5M="></latexit>

� 1
↵

<latexit sha1_base64="EkBAVIovS7lT9h4vIrX2A8lfjlc="></latexit>�↵

<latexit sha1_base64="2w37kwr02+OLGfRmJDHbElrGSd8="></latexit>

unit ball

<latexit sha1_base64="Thznyngc04kKzvWxSz8Fz7OtgY8="></latexit>

Given f 2 R BV2, there exists a finite-width ReLU network
fK with K neurons such that

<latexit sha1_base64="NCIMDi4+QOPswp8rF5MqkQwxg3g="></latexit>

kf � fKkL1(⌦) = O(K� 1
2� 3

2d ) = O(K� 1
2 ).

<latexit sha1_base64="P1180Ks7OkcmjGA0HzbtDDR/6vQ="></latexit>

By the inequality of Carl (1981), this implies

<latexit sha1_base64="Jb8M3Gk6Aww8EltOi4mzUncNGkw="></latexit>

log N (�, U(R BV2), k · kL1(⌦)) = eO(��
2d

d+3 ) = eO(��2).

<latexit sha1_base64="3lr9YO220lOx/ZPKL5tdJDRuXn0="></latexit>

Approximation rates and metric entropies
do not grow with the input dimension d.

<latexit sha1_base64="k6CsfidhLorDZLMHoTWZrQAtmWo="></latexit>

Barron (1993)
Matoušek (1996)
Bach (2017)
Siegel (2023)
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Minimax Optimality of Shallow Neural Networks

<latexit sha1_base64="IaDngXhFagDnsvlydDcJljKsJ9k="></latexit>

Suppose that {xi}n
i=1 are i.i.d. uniform on a bounded domain ! → Rd.

If yi = fω(xi) + ωi with R TV2(fω) < ↑, then any solution to
<latexit sha1_base64="iMhp4TweZlcwiciSbzMCgIkFDW8="></latexit>

fReLU → arg min
ω

n∑

i=1

L(yi, fω(xi)) +
ω

2

K∑

k=1

|vk|2 + ↑wk↑2
2

<latexit sha1_base64="mUPz7LVLWXGWmfeazcN6kLyl3/Q="></latexit>

satisfies
<latexit sha1_base64="2zOu2t5lajsuJ0qng0Lu98x2FY8="></latexit>

E→fω ↑ fReLU→2
L2(!) = Õ(n→ d+3

2d+3 ) = Õ(n→ 1
2 ).

<latexit sha1_base64="CcOjJIeunLp9G70Sy+mNPopmc8s="></latexit>

minimax rate

<latexit sha1_base64="e5ddlHA1ACO119tK/AY0mf/rsGM="></latexit>

Linear methods (thin-plate splines, kernel methods, neural tangent
kernels, etc.) necessarily su↵er the curse of dimensionality.

<latexit sha1_base64="WHO7YZ9AgrLOL/8USJVQuZdRUXc="></latexit>

Linear minimax lower bound: n→ 3
d+3

<latexit sha1_base64="JRcGQJ+AxMWHD5VAvDeKqkJChIg="></latexit>

the curse

<latexit sha1_base64="NtNUhyJ9+VzhRkS1XmIC3BuVOaM="></latexit>no curse

<latexit sha1_base64="q3ajtA6U8N19MXBc1YsGkjukDls="></latexit>

weight decay
objective
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Neuron Sharing

<latexit sha1_base64="B4RMsWWHegro7GuFb4G7TyoTvqA="></latexit>

Weight decay favors variation in only a few directions (sparse weights)

<latexit sha1_base64="V5au76z1O+t+vA7YdT154SgRXks="></latexit>

Weight decay favors outputs that “share” neurons (sparse neurons)

<latexit sha1_base64="ilo/XOEyIvdzXEdE3w9eA6QvDRE="></latexit>

min
ω={(wk,vk)}K

k=1

→wk→2=1

n∑

i=1

L(yi, fω(xi)) + ω
K∑

k=1

→vk→2

<latexit sha1_base64="SZWxW/G0XFltbXXljXivc+HCFxI=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8hdkga3ILeAl4ScA8IFnC7KQ3GTM7u8zMCmHJF3jxoIhXP8mbf+PkIahoQUNR1U13V5AIrg0hH87a+sbm1nZuJ7+7t39wWDg6bus4VQxaLBax6gZUg+ASWoYbAd1EAY0CAZ1gcj33O/egNI/lrZkm4Ed0JHnIGTVWat4MCkVSIhaeh+fErRDXkmq1Ui5XsbuwCCmiFRqDwnt/GLM0AmmYoFr3XJIYP6PKcCZglu+nGhLKJnQEPUsljUD72eLQGT63yhCHsbIlDV6o3ycyGmk9jQLbGVEz1r+9ufiX10tNWPEzLpPUgGTLRWEqsInx/Gs85AqYEVNLKFPc3orZmCrKjM0mb0P4+hT/T9rlkuuVvOZlsVZfxZFDp+gMXSAXXaEaqqMGaiGGAD2gJ/Ts3DmPzovzumxdc1YzJ+gHnLdP/qqNHQ==</latexit>

K

<latexit sha1_base64="aTdV5e5/VvrE0D7n8WxqJfmXZxo=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3sr6KHHFuwHtEvJpmkbm80uSVYoS3+BFw+KePUnefPfmG0rqOiDgcd7M8zMC2LBtcH4w1lb39jc2s7t5Hf39g8OC0fHbR0lirIWjUSkugHRTHDJWoYbwbqxYiQMBOsE0+vM79wzpXkkb80sZn5IxpKPOCXGSs2bQaGIS9jC81BG3Ap2LalWK+VyFbkLC+MirNAYFN77w4gmIZOGCqJ1z8Wx8VOiDKeCzfP9RLOY0CkZs56lkoRM++ni0Dk6t8oQjSJlSxq0UL9PpCTUehYGtjMkZqJ/e5n4l9dLzKjip1zGiWGSLheNEoFMhLKv0ZArRo2YWUKo4vZWRCdEEWpsNnkbwten6H/SLpdcr+Q1L4u1+iqOHJzCGVyAC1dQgzo0oAUUGDzAEzw7d86j8+K8LlvXnNXMCfyA8/YJ9A6NFg==</latexit>

D
<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="LV/JUkoQ6icCAsVKPWpXCOdxX/A=">AAACBHicbVC7TgJBFJ31ifhCLW0mEhMrskuBliQ2lJjII4ENmZ29CxNmZteZWQ3Z0PoLttrbGVv/w9YvcYAtBDzJTU7OuTfn5gQJZ9q47rezsbm1vbNb2CvuHxweHZdOTts6ThWFFo15rLoB0cCZhJZhhkM3UUBEwKETjG9nfucRlGaxvDeTBHxBhpJFjBJjJT8EqQE/ARuOjB6Uym7FnQOvEy8nZZSjOSj99MOYpgKkoZxo3fPcxPgZUYZRDtNiP9WQEDomQ+hZKokA7Wfzp6f40iohjmJlRxo8V/9eZERoPRGB3RTEjPSqNxP/83qpiW78jMkkNSDpIihKOTYxnjWAQ6aAGj6xhFDF7K+Yjogi1NieiksxgZjaUrzVCtZJu1rxapXaXbVcb+T1FNA5ukBXyEPXqI4aqIlaiKIH9IJe0Zvz7Lw7H87nYnXDyW/O0BKcr19XV5jb</latexit>

dense weights

<latexit sha1_base64="felRE5XJKbKVJpSc4D9SJepsCnY=">AAACBHicbVC7SgNBFL0bXzG+opY2g0GITdgViSkDWggWRjAPSJYwO5lNhszObmZmhbCk9RdstbcTW//D1i9xkmxhEg9cOJxzL+dyvIgzpW3728qsrW9sbmW3czu7e/sH+cOjhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94fXUbz5RqVgoHvU4om6A+4L5jGBtJPe+eIc6aiR1cjM57+YLdsmeAa0SJyUFSFHr5n86vZDEARWacKxU27Ej7SZYakY4neQ6saIRJkPcp21DBQ6ocpPZ0xN0ZpQe8kNpRmg0U/9eJDhQahx4ZjPAeqCWvan4n9eOtV9xEyaiWFNB5kF+zJEO0bQB1GOSEs3HhmAimfkVkQGWmGjTU24hxgsmphRnuYJV0rgoOeVS+eGyUK2k9WThBE6hCA5cQRVuoQZ1IDCCF3iFN+vZerc+rM/5asZKb45hAdbXLyMzmBA=</latexit>

O(K
p

D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="0kRw/lX4pEyk6PKwsLxc1/U6b0c=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwSQzA53YcLM7mbmroZsqP0FW+3tjK3fYeuXOMAWCp7kJifn3Jtzc/xYCoOu++XkNja3tnfyu4W9/YPDo+LxSctEiebQ5JGMdMdnBqQIoYkCJXRiDUz5Etr+5Gbutx9AGxGFdziNoa/YKBSB4AytdG9ipg3QRxCjMZpBseSW3QXoOvEyUiIZGoPid28Y8URBiFwyY7qeG2M/ZRoFlzAr9BIDMeMTNoKupSFTYPrp4usZvbDKkAaRthMiXai/L1KmjJkq324qhmOz6s3F/7xugsF1PxVhnCCEfBkUJJJiROcV0KHQwFFOLWFcC/sr5WOmGUdbVOFPjK9mthRvtYJ10qqUvWq5elsp1epZPXlyRs7JJfHIFamROmmQJuFEk2fyQl6dJ+fNeXc+lqs5J7s5JX/gfP4AS0GZZA==</latexit>

sparse weights

<latexit sha1_base64="GUZLfN0h5eTUPfTzIzqNan2tjlE=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69LBahXkoiUnss6MGbFewHtKFstpt26WYTdjdCCfkLXvXuTbz6Y7z6S9y0OdjWBwOP92aYmedFnClt299WYWNza3unuFva2z84PCofn3RUGEtC2yTkoex5WFHOBG1rpjntRZLiwOO0601vM7/7TKVioXjSs4i6AR4L5jOCdSY9VO8uh+WKXbPnQOvEyUkFcrSG5Z/BKCRxQIUmHCvVd+xIuwmWmhFO09IgVjTCZIrHtG+owAFVbjK/NUUXRhkhP5SmhEZz9e9EggOlZoFnOgOsJ2rVy8T/vH6s/YabMBHFmgqyWOTHHOkQZY+jEZOUaD4zBBPJzK2ITLDERJt4SktrvCA1oTirEayTzlXNqdfqj9eVZiOPpwhncA5VcOAGmnAPLWgDgQm8wCu8Wan1bn1Yn4vWgpXPnMISrK9fKmCULQ==</latexit>

O(D)

<latexit sha1_base64="5cczcT10E+4pROVbw0QZ/6Avvag="></latexit>

f1(x)
f2(x)

...

fD(x)

<latexit sha1_base64="DAK80BFws27Q5zHrpiRL3yOJsAY=">AAACBXicbVC7TgJBFJ3FF+ILtbSZSEysyC4FWpLYUGIijwRWMjtcYMI8NjOzJmRD7S/Yam9nbP0OW7/EAbYQ8CQ3OTnn3pybE8WcGev7315ua3tndy+/Xzg4PDo+KZ6etYxKNIUmVVzpTkQMcCahaZnl0Ik1EBFxaEeTu7nffgJtmJIPdhpDKMhIsiGjxDrp0cREG8ASEq2k6RdLftlfAG+SICMllKHRL/70BoomAqSlnBjTDfzYhinRllEOs0IvMRATOiEj6DoqiQATpouvZ/jKKQM8VNqNtHih/r1IiTBmKiK3KYgdm3VvLv7ndRM7vA1TJuPEgqTLoGHCsVV4XgEeMA3U8qkjhGrmfsV0TDSh1hVVWImJxMyVEqxXsElalXJQLVfvK6VaPasnjy7QJbpGAbpBNVRHDdREFGn0gl7Rm/fsvXsf3udyNedlN+doBd7XL2MQmXM=</latexit>sparse neurons
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Depth Separation Result

Are there fundamental differences in the native spaces described by
(infinite-width) shallow ReLU networks versus deeper ReLU networks?

Put another way are there functions that have small three-layer
representation costs but large, or even infinite, two-layer cost?

The answer is yes: Ongie et al. 2020 showed there exists a class of
piecewise linear functions f∗ : Rd → R such that R(f∗) is infinite, yet
they can be represented exactly by small three-layer networks.

Example:“pyramid function”

f∗(x) = (1− ∥x∥1)+
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Depth Separation, Cont.

Recent work (McCarty 2023) proved that if f : Rd → R is a continuous
piecewise linear function with finite pieces, then R(f) is finite iff f is
realizable as a finite-width shallow ReLU network.

Implication: If f : Rd → R for d ≥ 2 is any continuous piecewise linear
function with compact support, then R(f) = +∞

(b/c a finite sum of ReLUs is never compactly supported).

What can be said about deep network representation costs?
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Outline

1 Hilbert Spaces ⇔ Linear/Kernel Methods

2 Banach Spaces ⇔ Nonlinear/Sparse Methods

3 Banach Spaces ⇔ Shallow Neural Networks

4 Beyond(?) Banach Spaces ⇔ Deep Neural Networks
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Deep Networks - Overview

Previously we saw that shallow NN trained with parameter ℓ2 cost are
naturally associated with Banach spaces known as variation spaces.

The associated Banach space norm promotes functions that are a sparse
linear combination of neurons.

Question: What are the representation costs associated with deep NNs?
And what function space properties do they promote?

Question: What are the function spaces F associated with deep NNs?
Are they fundmamentally different than variation spaces?

These are still mostly open questions!
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Deep Newtorks - Overview, Cont.

Today: Highlight recent efforts to characterize the representation costs
and function spaces associated with deep NNs.

1 Deep representation costs and non-linear notions of function rank.

=⇒ Warm-up: Deep Linear Networks
=⇒ Shallow ReLU nets w/multiple linear layers (Parkinson et al. 2023)
=⇒ Deep ReLU networks (Jacot 2023b; Jacot 2023a)

2 Deep compositions/hiearchies of function spaces, and representer
theorems

=⇒ Compositions of Variation Spaces (Parhi and Nowak 2022)
=⇒ Compositions of RKBSs (Bartolucci et al. 2024)
=⇒ Deep Kernel Compositions (Chen 2024; Heeringa et al. 2025)
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Warm-up: Deep Linear Networks

Let Flin be the space of linear functions from Rd to Rk. Then f ∈ Flin iff

f(x) = Wx

for some matrix W ∈ Rk×d.
Suppose we parameterize elements of Flin as two-layer linear networks:

fθ(x) = UV x

where U and V have inner dimension r ≥ min{k, d}, with associated
parameter cost C(θ) = 1

2 (∥U∥2F + ∥V ∥2F ).

Lemma (Burer and Monteiro 2003; Srebro et al. 2004)

∥W ∥∗ = min
W=UV

1

2

(
∥U∥2F + ∥V ∥2F

)
.

where ∥W ∥∗ is the nuclear norm (the sum of all singular values of W ).

This shows the representation cost of a linear function f(x) = Wx
parametrized as a two-layer linear network is ∥W ∥∗.
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Warm-up: Deep Linear Networks

Now, suppose we parameterize elements of Flin as L-layer linear networks:

fθ(x) = WL · · ·W2W1x

with associated parameter cost:

CL(θ) =
1

L

L∑

ℓ=1

∥Wℓ∥2F .

Then if f(x) = Wx, one can show the L-layer representation cost is the
Schatten-2/L quasi-norm of W (Dai et al. 2021; Wang et al. 2023):

RL(f) = ∥W ∥2/L
S2/L =

rank(W )∑

i=1

σi(W )2/L.

This is a non-convex penalty when L > 2.

Generalizations to deep linear convolution networks and other structured
matrix classes are considered in (Gunasekar et al. 2018; Dai et al. 2021).
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Warm-up: Deep Linear Networks

For a linear function f(x) = Wx, define rank(f) = rank(W ). Then, in
the limit as the number of linear layers L tends to infinity

lim
L→∞

RL(f) = lim
L→∞

∥W ∥2/L
S2/L = rank(W ) = rank(f)

Therefore, (informally) we have:

min
θ

n∑

i=1

L(yi, fθ(xi))+
λ

L

L∑

ℓ=1

∥Wℓ∥2F
L→∞−−−−→ min

f∈Flin

n∑

i=1

L(yi, f(xi))+λ rank(f)

Deep linear networks trained with ℓ2-regularization
are biased toward low-rank linear functions.

Can we understand representation costs of deep nonlinear neural
networks by alternative notions of function “rank”?
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Shallow ReLU Nets with Added Linear Layers

Parameteric Model: L-layer network, first L− 1 layers have linear
activation, final layer has ReLU activation, scalar outputs.

fθ(x) = aTσ(WL−1 · · ·W1x+ b) + c

This is a re-parameterization of shallow ReLU networks.

Parameter Cost: CL(θ) =
1
L

(
∥a∥2 +∑L−1

ℓ=1 ∥Wℓ∥2F
)
.

Call the associated representation cost Rlin
L (f).

How does the representation cost Rlin
L (f) change

(if at all) as the number of linear layers L increases?
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Unit Alignment Effect of Linear Layers

The addition of linear layers is equivalant to penalizing a non-convex
Schatten quasi-norm on a single “virtual” inner-layer weight matrix:

Rlin
L (f) = min

θ

1

L
∥a∥2+L− 1

L
∥W ∥2/(L−1)

S2/(L−1) s.t. f(x) = aTσ(Wx+b)+c.

This implies Rlin
L (f) promotes functions that are realizable as a shallow

ReLU network with low-rank inner-layer weight matrix. This can be

thought of as a unit alignment effect:

Can this effect be described in function space terms?
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Relation to Single- and Multi-Index Models

If f(x) = aTσ(Wx+ b) + c where W is rank-r, then there exists a
matrix V ∈ Rd×r and function g : Rr → R such that

f(x) = g(V Tx)

This is known as a multi-index model in the statistics literature.

The column space of V is often called the index space.

Estimating the index space from samples of f (and/or gradients of f) is a
classical problem (Li 1991). The expected gradient outer product
(EGOP) matrix is commonly used tool for this.

Definition

Given any weakly differentiable f : Ω → R and probability density function
ρ defined over Ω ⊂ Rd, define its EGOP matrix Cf ∈ Rd×d by

Cf := EX [∇f(X)∇f(X)T] =

∫

Ω

∇f(x)∇f(x)Tρ(x)dx
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Index Rank of a Function

For a multi-index model f(x) = g(V Tx), the EGOP factors as

Cf = V︸︷︷︸
d×r

EX [∇g(V TX)∇g(V TX)T]︸ ︷︷ ︸
r×r

V T
︸︷︷︸
r×r

Under general conditions on g, can show that col(Cf ) = col(V ).

This motivates the following definition:

Definition (Parkinson et al. 2023)

Define the index rank of a function f , rankI(f), to be the rank of its
EGOP matrix:

rankI(f) = rank(Cf ).

In particular, for the multi-index model f(x) = g(V Tx)

rankI(f) = rank(V ).

under general conditions on g.
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Bounds on the L-Linear-Layer Representation Cost

Theorem (Parkinson et al. 2023)

For all f : Ω → R realizable as a finite width two-layer ReLU network we
have the bounds

max
{
R2(f)

2/L, ∥C1/2
f ∥2/L

S2/L

}
≤ Rlin

L (f) ≤ rankI(f)
L−2
L R2(f)

2
L

Note: limL→∞ ∥C1/2
f ∥2/L

S2/L = rank(C
1/2
f ) = rank(Cf ) = rankI(f).

Also: limL→∞ rankI(f)
L−2
L R2(f)

2
L = rankI(f)

Therefore, as a corollary, we have

lim
L→∞

Rlin
L (f) = rankI(f).

The Rlin
L -cost favors functions with low index rank,

i.e., functions well-approximated by multi-index models.
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Numerical Example

Fitting n noisy samples from a index-rank 2 target function f∗ : R20 → R
using a shallow ReLU net with and without added linear layers.

Square-root of EGOP eigenvalues of trained networks

(σ is the noise standard deviation)
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Related Work

• Bach 2017 gives generalization bounds for infinite-width shallow
networks having bounded variation norm assuming the target function
is a multi-index model.

• Recent line of work studies ability neural networks to provably learn
low-index rank structure when trained via gradient methods:

=⇒ Shallow networks (Damian et al. 2022; Bietti et al. 2022;
Mousavi-Hosseini et al. 2022)

=⇒ Three-layer networks (Nichani et al. 2023)

• EGOP analysis is central to the recently proposed “deep neural
feature ansatz” (Radhakrishnan et al. 2024) as a means to explain
feature learning in deep networks.
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Representation Costs of Deep ReLU Networks

Model class: L-layer fully connected ReLU network, unbounded widths

fθ(x) = WL(WL−1 · · ·σ(W2σ(W1x+ b1)+ + b2)+ · · ·+ bL−1)+ + bL.

Focus on networks with vector outputs: fθ : Rdin → Rdout .

Parameter Cost: CL(θ) =
1
L∥θ∥2F (sum-of-squares of all weights/biases)

Call the associated representation cost RL(f).

98 / 126Jacot et al. 2022; Jacot 2023b; Jacot 2023a



CPWL Functions

Every ReLU net realizes a continuous piecewise linear (CPWL)
function, in the following sense:

Definition

We say f : Ω → RD is CPWL if f is continuous
and there is a polyhedral decomposition of Ω such
that f is affine on each polyhedra in the
decomposition.

Conversely, every CPWL function over Rd can be represented by a ReLU
NN with at most ⌈log2(d+ 1)⌉ hidden layers (Arora et al. 2018).

The parametric model space of unbounded width L-layer ReLU nets
coincides with all CPWL functions when L ≥ ⌈log2(d+ 1)⌉

The space of CPWL functions is a vector space, and is closed under
compositions: if g and h are CPWL, then so is f = h ◦ g.

However, it is not a closed space under any “reasonable” topology.
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A Representer Theorem

Theorem (Jacot et al. 2022)

The data-fitting problem

min
f∈CPWL

n∑

i=1

L(yi, f(xi)) + λRL(f)

has a minimizer f realized by a depth-L ReLU network whose hidden-layer
widths are upper bounded by n(n+ 1) where n is the number of training
samples.
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Infinite-Depth Representation Cost

Define the “infinite-depth” representation cost of a CPWL function f :

R∞(f) = lim
L→∞

RL(f).

R∞ has the properties we would expect a “rank” on CPWL functions to
have (Jacot 2023b):

• R∞(f ◦ g) ≤ min{R∞(f), R∞(g)}
• R∞(f + g) ≤ R∞(f) +R∞(g)

• if f(x) = Ax+ b then R∞(f) = rank(A).

Is there a function space description of R∞?

A suggestive bound:

Lemma

Let f be CPWL, and suppose x ∈ Ω is a point where f is differentiable.
Then

∥Jf(x)∥2/L
S2/L ≤ RL(f)

where Jf is the Jacobian of f .
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Jacobian Rank and Bottleneck Rank

Definition:

The Jacobian rank of a CPWL function f : Ω → Rdout is

rankJ(f) = max
x

rank(Jf(x)),

taking the max over points x ∈ Ω where f is differentiable.

Definition:

The bottleneck rank of a CPWL function f : Ω → Rdout , denoted
rankBN (f), is the smallest integer r ∈ N such that f |Ω = (g ◦ h)|Ω where
g and h are CPWL functions with inner dimension r.

If f = h ◦ g with inner dimension r, then by the chain rule

Jf(x) = Jh(g(x))︸ ︷︷ ︸
dout×r

Jg(x)︸ ︷︷ ︸
r×din

=⇒ rankJ(f) ≤ r.

This shows rankJ(f) ≤ rankBN (f) for any CPWL f .

But there are CPWL functions where strict inequality holds.
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Bounds on the “Infinite-Depth” Representation Cost

Theorem (Jacot 2023b)

For all CPWL functions f : Ω → R

rankJ(f) ≤ R∞(f) ≤ rankBN(f).

Further, it is conjectured that for all CPWL functions f

R∞(f) = rankBN(f).

Follow-up work (Jacot 2023a) characterizes a first-order “correction”

R
(1)
∞ (f) to the RL cost

RL(f) = R∞(f) +
1

L
R(1)

∞ (f) +O(L−2)

Here R∞ captures a “hard” notion of function rank, while the first-order

correction R
(1)
∞ gives regularity control of the composition factors.
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Related Work

Recent work by Jacot et al. explores the implications of the bottleneck
rank for learning:

• Emergent bottleneck rank structure CNNs (Wen and Jacot 2024)

• Neural collapse phenomenon (Jacot et al. 2024)

• Feature learning in Leaky ResNets (Jacot and Kaiser 2025) (CPAL)

Related nonlinear notions of function rank have been proposed to
characterize implicit regularization in deep networks:

• Deep matrix factorization (Arora et al. 2019; Razin and Cohen 2020)

• Deep tensor factorization (Razin et al. 2021; Razin et al. 2022)

• Graph Neural Networks and Separation Rank (Razin et al. 2023).

• Rank minimization in deep ReLU networks (Timor et al. 2023)
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Characterization of “Deep” Function Spaces

Rather than generating function spaces as the closure of some parametric
model class, we can instead ask:

What function spaces give rise to representer theorems for deep NNs?

That is, are there function spaces F with an associated representation cost
R(·) such that the data-fitting problem:

min
f∈F

n∑

i=1

L(yi, f(xi)) + λR(f)

has a deep neural net as a solution? If so, can one guarantee bounds on
hidden-layer widths or other constraints on the solution?

• Compositions of variation spaces/RKBSs
(Parhi and Nowak 2022; Shenouda et al. 2024; Bartolucci et al. 2024)

• Neural Hilbert Ladders and Reproducing Kernel Chains
(Chen 2024; Heeringa et al. 2025)
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Compositions of Variation Spaces

Recall that shallow NNs are associated with a variation space, i.e.,
functions realized by an integral over all possible neurons.

A natural extension to deep NNs is to consider functions of the form
f (L) ◦ · · · ◦ f (1) where each f (ℓ) is in a vector-valued variation space

Vσ(Rdin ;Rdout) :=

{
f(x) =

∫

Sdin
σ(wTx) dν(w) : x ∈ Rdin ,ν ∈ M(Sdin ;Rdout)

}
,

where M(Sdin ;Rdout) is a space of vector-valued measures.

This space has the associated norm

∥f∥Vσ(Rdin ;Rdout ) := inf

{
∥ν∥2,M : f(x) =

∫

Sdin
σ(wTx)dν(w)

}

where ∥ν∥2,M =
∫
Sdin d∥ν∥2 (analogous to the mixed ℓ2-ℓ1 matrix norm).
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Representer Theorem for Deep Variation Spaces

Theorem

Let {(xi,yi)}ni=1 ⊂ Rd0 × RdL and d1, d2, ..., dL−1 ∈ N. Then

inf
f(1),...,f(L)

f(ℓ)∈Vσ(Rdℓ−1 ,Rdℓ )

n∑

i=1

L
(
yi, f

(L)◦· · ·◦f (1)(xi)
)
+λ

L∑

ℓ=1

∥f (ℓ)∥Vσ(Rdℓ−1 ,Rdℓ ),

has a minimizer f
(1)
∗ , ..., f

(L)
∗ such that f∗ = f

(L)
∗ ◦ · · · ◦ f (1)∗ is realzable

as an L-layer deep ReLU network with linear bottlenecks of dimension dℓ
between ReLU-layers, and whose ReLU-layer widths are at most ndℓ.

Ex: L = 4

Linear Linear Linear

ReLU ReLU ReLU ReLU

This type of architecture was studied empirically in (Golubeva et al. 2021).
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Connection to Weight Decay Regularization

Solutions of the previous variational problem coincide with weight decay
regularized training of deep ReLU networks with linear bottlenecks:

fθ = f
(L)
θL

◦ · · · ◦ f (1)θ1

where f
(ℓ)
θℓ

(x) = Uℓ(Vℓx+ bℓ)+ with Vℓ ∈ RKℓ×dℓ−1 and Uℓ ∈ Rdℓ×Kℓ ,

for ℓ = 1, ..., L− 1, and f
(L)
θL

(x) = WLx+ bL with WL ∈ Rdℓ×dℓ−1 .

Theorem

Assume the ReLU hidden-layer widths satisfy Kℓ ≥ n2. Then every
minimizer θ∗ = (θ∗

1 , ...,θ
∗
L) of

min
θ

n∑

i=1

L
(
yi, fθ(xi)

)
+
λ

L
∥θ∥22

is such that f
(1)
θ∗
1
, ..., f

(L)
θ∗
L

is a minimizer of the previous variational

problem.
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Eliminating Linear Bottlenecks

Bartolucci et al. 2024 extends the previous framework by eliminating linear
bottlenecks between layers

Weight “matrices” W (ℓ) between layers are extended to
be bounded linear operators from ℓ2(N) to ℓ2(N)

f(x) = x(L) where





x(0) = x ∈ Rdin

x(1) = W (1)x(0) + b(1) ∈ ℓ2(N)

x(2) = W (2)
(
σ(x(1))

)
+ b(2) ∈ ℓ2(N)

...
...

x(L) = W (L)
(
σ(x(L))

)
+ b(L+1) ∈ Rdout .

Can define variation spaces for operators F : ℓ2(N) → ℓ2(N).

An analogous representer theorem holds: the associated variational
problem has a deep NN as a minimizer whose hidden-layer widths
K∗

1 , ...,K
∗
L satisfy K∗

L ≤ ndout, and K
∗
ℓ−1 ≤ nK∗

ℓ for all other ℓ.

However, direct connection to weight decay regularization is lost.

109 / 126



Neural Hilbert Ladders/Reproducing Kernel Chains

Issue: Directly composing variation spaces/RKBSs does not allow for
explicit characterization of the resulting function space.

Recent work considers a different approach to composing RKHSs/RKBSs
in such a way that the resulting space has nice properties:

• Neural Hilbert Ladders (RKHSs) (Chen 2024)

• Reproducing kernel chains (RKBSs) (Heeringa et al. 2025)

Key idea is to build spaces by compose kernels rather than functions.

Ex: if k1 : Ω× Ω → R is a reproducing kernel for an RKHS H1 and
k̃1 : H1 ×H1 → R is a kernel defined on H1, their composition

k2(x,y) := k̃1(k1(x, ·), k1(·,y))

defines a new RKHS H2 of functions over Ω. (Wilson et al. 2016)

Composing RKBS kernels associated with shallow NNs L-times yields an
RKBS associated with L-layer deep NNs. Regularizing with the

assoicated norm yields a representer theorem (Heeringa et al. 2025)

110 / 126



Comparison of Approaches

Frameworks giving representer theorems for deep neural networks:

Linear Native space Parameter Space Width
Reference Bottlenecks Classification Regularizer Bounds

(Jacot et al. 2022) No ??? ℓ2 n(n+ 1)
(Shenouda et al. 2024) Yes ??? ℓ2 n2

(Bartolucci et al. 2024) No ??? None nℓ

(Heeringa et al. 2025) No RKBS None n
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Summary and Outlook

Function spaces give a unified perspective to learning with kernel
methods, sparse methods, shallow NN, and (to some extent) deep NN.

Powerful tool for characterizing approximation, estimation, and
generalization capabilities of neural networks. (Bach 2017; E and
Wojtowytsch 2020; Siegel and Xu 2020; Schmidt-Hieber 2020; Zhang and
Wang 2023; E et al. 2022; Siegel and Xu 2023; DeVore et al. 2025)

Practical implications for efficient optimization and compression of
neural network models. (Ergen and Pilanci 2021; Yang et al. 2022;
Varshney and Pilanci 2024; Shenouda et al. 2024)
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Open Problems

Several Key Open Problems Remain

• Is there a function space characterization of RL, the representation
cost associated w/ L-layer ReLU networks, for L > 2?

• What is the native space associated with RL-cost? How does it
change with input dimension d?

• Prove the conjecture R∞(f) = rankBN(f). (Jacot 2023b)

• What connections can be drawn between function space perspectives
of explicit regularization versus implicit regularization arising from
practical training with gradient methods?
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